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Configurations in abelian categories. II. 
Ringel-Hall algebras 

Dominic Joyce 


Abstract 

This is the second in a series on configurations in an abelian category 
A. Given a finite poset (/, ^), an (I, configuration {a,L,n) is a finite 
collection of objects cr(J) and morphisms l{J,K) or n{J,K) : cr(J) ^ 
iy{K) in A satisfying some axioms, where J,K I. Configurations de¬ 
scribe how an object X in A decomposes into subobjects. 

The first paper defined configurations and studied moduli spaces of 
(-^1 ^)-configurations in A, using the theory of Artin stacks. It showed 
well-behaved moduli stacks Ob] a, SK(/, of objects and configurations 
in A exist when A is the abelian category coh(P) of coherent sheaves on 
a projective scheme P, or mod-KQ of representations of a quiver Q. 

Write CF(Dbj>i) for the vector space of Q-valued constructible func¬ 
tions on the stack Ob] a- Motivated by the idea of Ringel-Hall alge¬ 
bras, we define an associative multiplication * on CF(Dbjyi) using push- 
forwards and pullbacks along 1-morphisms between configuration moduli 
stacks, so that CF(Dbj^) is a Q-algebra. We also study representations 
of CF(Dbj^), the Lie subalgebra CF‘"‘^(Dbjyi) of functions supported on 
indecomposables, and other algebraic structures on CF(Dbj^). 

Then we generalize all these ideas to stack functions ^(Dbj^), a 
universal generalization of constructible functions, containing more in¬ 
formation. When Ext*(X, y) = 0 for all X,Y G A and i > 1, or when 
A = coh(P) for P a Calabi-Yau 3-fold, we construct (Lie) algebra mor¬ 
phisms from stack algebras to explicit algebras, which will be important 
in the sequels on invariants counting r-semistable objects in A. 


1 Introduction 

This is the second in a series of papers [12-14] developing the concept of con¬ 
figuration in an abelian category A. Given a finite partially ordered set (poset) 
(I, ^), we define an (/, <)-configuration (a, t, tt) in .A to be a collection of objects 
cr(J) and morphisms l{J,K) or tt{J,K) : a{J) cr{K) in A satisfying certain 
axioms, where J, K are subsets of I. Configurations are a tool for describing 
how an object X in A decomposes into subobjects. 

The first paper [12] defined configurations and developed their basic proper¬ 
ties, and studied moduli spaces of (/, ^)-configurations in A, using the theory 
of Artin stacks. It proved well-behaved moduli stacks exist when 
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A is the abelian category of coherent sheaves on a projective scheme P, or of 
representations of a quiver Q. 

This paper develops versions of Ringel-Hall algebras [23, 24] in the frame¬ 
work of configurations and Artin stacks. The idea of Ringel-Hall algebras is to 
make a Q-algebra H from an abelian category A. In the simplest version, the 
isomorphism classes [X] of objects X & A form a basis for Ti, with multipli¬ 
cation [X] * [Z] = where g^^ is the ‘number’ of exact sequences 

0—s-T —s-Z—>0inA. The important point is that * is associative. 

Ringel-Hall type algebras are defined in four main contexts: 

• Counting subobjects over finite fields, as in Ringel [23,24], 

• Perverse sheaves on moduli spaces are used by Lusztig [19]. 

• Homology of moduli spaces, as in Nakajima [20]. 

• Constructible functions on moduli spaces are used by Lusztig [19, 
§10.18-§10.19], Nakajima [20, §10], Frenkel, Malkin and Vybornov [5], 
Riedtmann [21] and others. 

In the first half of the paper we follow the latter path. After some background on 
stacks and configurations in Oand [21 we begin in 21with a detailed account of 
Ringel-Hall algebras CF(Dbj^) of constructible functions on Artin stacks, using 
the constructible functions theory developed in [10]. 

A distinctive feature of our treatment is the use of configurations. Working 
with configuration moduli stacks 2H(/, and 1-morphisms between them 
makes the proofs more systematic, and also suggests new ideas. In particular 
we construct representations of Ringel-Hall algebras in a way that appears to be 
new, and define bialgebras and other algebraic structures. The only other paper 
known to the author using stacks in this way is the brief sketch in Kapranov 
and Vasserot [16, §3], but stacks appear to be the most natural setting. 

The second half of our paper [E1-3S1 studies various Ringel-Hall algebras 
of stack functions T, A),_ Stack functions are a uni¬ 

versal generalization of constructible functions on stacks introduced in [11], 
which contain much more information than constructible functions. When 
ExF(X, F) = 0 for all X,Y & A and f > 1, 21 constructs interesting algebra 
morphisms from stack algebras SFfPbi il. SFaifPbi/i. *1 to 

certain explicit algebras A(A, A, y), B{A, A, y), B{A, A°, y), C{A, fl, y). When 
A — coh(P) for P a Calabi-Yau 3-fold, the same techniques give a Lie algebra 
morphism : SFl^'J‘^(Dbjx; ©j ^ C™'^{A, 11, y). 

These ideas will be applied in the sequels [13,14]. Given a stability condition 
(r, r, <) on A, we will define stack functions 5“ (r) in SFai(Gbj^) parametrizing 
r-semistable objects in class a. These satisfy many identities in the stack algebra 
SFai(Dbj^). Applying ..., to yields invariants of A, (r, T, <) in 

A{A, A, y),..., C{A, n, y), with interesting transformation laws. 

Acknowledgements. I thank Tom Bridgeland, Frances Kirwan, Ian Grojnowksi, 
Alastair King, Richard Thomas and Burt Totaro for useful conversations. I held 
an EPSRC Advanced Research Fellowship whilst writing this paper. 
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2 Background material 

We begin with some background material on Artin stacks, constructible func¬ 
tions, stack functions, and motivic invariants, drawn mostly from [10,11]. 

2.1 Introduction to Artin K-stacks 

Fix an algebraically closed field K throughout. There are four main classes of 
‘spaces’ over K used in algebraic geometry, in increasing order of generality: 

K-varieties C K-schemes C algebraic K-spaces C algebraic K-stacks. 

Algebraic stacks (also known as Artin stacks) were introduced by Artin, gen¬ 
eralizing Deligne-Mumford stacks. For a good introduction to algebraic stacks 
see Gomez [7], and for a thorough treatment see Laumon and Moret-Bailly [18]. 
We make the convention that all algebraic K-stacks in this paper are locally of 
finite type, and K-substacks are locally closed. 

Algebraic K-stacks form a 2-category. That is, we have objects which are 
K-stacks S’,©, and also two kinds of morphisms, 1-morphisms (j),'tp : ^ <3 

between K-stacks, and 2-morphisms A : (p ^ ip between 1-morphisms. An 
analogy to keep in mind is a 2-category of categories, where objects are cate¬ 
gories, 1-morphisms are functors between the categories, and 2-morphisms are 
isomorphisms (natural transformations) between functors. 

We define the set of K-points of a stack. 

Definition 2.1. Let S be a K-stack. Write S(]K) for the set of 2-isomorphism 
classes [x] of 1-morphisms x : SpecK ^ Elements of j?(K) are called K- 
points, or geometric points, of j?. If (/) : 5^ ^ © is a 1-morphism then composition 
with p induces a map of sets : 5^(K) ^ ©(K). 

For a 1-morphism x : Spec K ^ 5^, the stabilizer group Isok (x) is the group 
of 2-morphisms x ^ x. When ^ is an algebraic K-stack, IsoiK(a;) is an algebraic 
'K-group. We say that S has affine geometric stabilizers if Isok(x) is an affine 
algebraic K-group for all 1-morphisms x : Spec K ^ 5^. 

As an algebraic K-group up to isomorphism, Isok(x) depends only on the 
isomorphism class [x] G S'(K) of x in Hom(SpecK,5^). If (/> : ^ © is 

a 1-morphism, composition induces a morphism of algebraic K-groups </>* : 
Isok([x]) ^ Isok((/)h<(N)), for [x] G 5'(K). 

One important difference in working with 2-categories rather than ordinary 
categories is that in diagram-chasing one only requires 1-morphisms to be 2- 
isomorphic rather than equal. The simplest kind of commutative diagram is: 



by which we mean that jj, ©, Sj are K-stacks, p, fi, x are 1-morphisms, and F : 
■i/: o (() —> y is a 2-isomorphism. Usually we omit F, and mean that -p o p = x- 
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Definition 2.2. Let (p : ^ ^ Sj, ip : <3 ^ Sj he l-morphisms of K-stacks. Then 
one can define the fibre product stack ^ or © for short, with 

l-morphisms 7 rg, 7 r@ fitting into a commutative diagram: 

©__^ t(1) 

0 l/j 


A commutative diagram 

© ijj 

is a Cartesian square if it is isomorphic to o, so there is a 1 -isomorphism © ~ 
g ©. Cartesian squares may also be characterized by a universal property. 

2.2 Constructible functions on stacks 

Next we discuss constructible functions on K-stacks, following [10]. For this 
section we need IK to have characteristic zero. 

Definition 2.3. Let g be an algebraic K-stack. We call C C g(IK) constructible 
if C = where {g^ : i S /} is a finite collection of finite type alge¬ 

braic K-substacks g^ of g. We call S C g(K) locally constructible if S' fl C is 
constructible for all constructible C C g(IK). 

A function / : g(IK) ^ Q is called constructible if /(g(IK)) is finite and 
f~^{c) is a constructible set in g(IK) for each c S /(g(K)) \ {0}. A function 
/ : g(]K) ^ Q is called locally constructible if f ■ 5c is constructible for all 
constructible C C g(K), where 5c is the characteristic function of C. Write 
CF(g) and LCF(g) for the Q-vector spaces of Q-valued constructible and locally 
constructible functions on g. 

Following [10, Def.s 4.8, 5.1 & 5.5] we define pushforwards and pullbacks of 
constructible functions along l-morphisms. 

Definition 2.4. Let g be an algebraic K-stack with affine geometric stabilizers 
and C C g(K) be constructible. Then [10, Def. 4.8] defines the naive Euler 
characteristic of C”- If is called naive as it takes no account of stabilizer 

groups. For / £ CF(g), define /) in Q by 

X (5^)/) = Scg/(5(k))\{o}^(c))- 

Let g, © be algebraic K-stacks with affine geometric stabilizers, and </>: g —> 
© a representable 1-morphism. Then for any x £ g(K) we have an injective 
morphism </>* : IsO]K(a:) ^ 1sok{(P*(x)) of afhne algebraic K-groups. The image 
cp^:(lsoK{x)) is an affine algebraic K-group closed in Isok((/)*(x)), so the quotient 
Isok {(p* (2;)) / 4>* (Isok (2:)) exists as a quasiprojective K-variety. Define a function 
TO 0 : g(K) ^ Z by m^{x) = x(IsoK((/)*(a:))/(/)*(IsoK(a;))) for cc £ g(K). 
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For / e CF(;?), define CF"“'((;i)/ : ©(K) ^ Q by 

CF^‘^<^)/(y) = for y G ©(K), 

where S^-^(y) is the characteristic function of (/'^^({y}) C ©(K) on ©(K). Then 
CF®‘^(0) : CF(5^) ^ CF(©) is a Q-linear map called the stack pushforward. 

Let 6 * : ^ © be a finite type 1-morphism. If C C ©(K) is constructible 

then so is 9~^{C) C ^{K). It follows that if / G CF(©) then /o0* lies in CF(3'). 
Define the pullback 9* : CF(©) —» CF(S^) by 9*{f) = f o 9^. It is a linear map. 

Here [10, Th.s 5.4, 5.6 & Def. 5.5] are some properties of these. 


Theorem 2.5. Let be algebraic ^-stacks with affine geometric sta¬ 

bilizers, and /3:5^^©, 7 :©— be 1-morphisms. Then 

CF "‘''(7 0/3) = CF"**^( 7 ) o CF"‘*^(/3) : CF(5') ^ CF(ij), (2) 

( 7 o/ 3 )*=r 07 * :CF(.^)^CF(;?), (3) 

supposing f3 ,7 representable in and of finite type in ®. If 



is a Cartesian square with 
p, 4> representable and 
9,Tp of finite type, then 
the following commutes: 


CF(©) 

e* 


CF(©) 

b* 


CF(g) CF(i 3 ). 


(4) 


As discussed in [10, §3.3] for the K-scheme case, equation ® is false for 
algebraically closed helds K of characteristic p > 0. This is our reason for 
restricting to K of characteristic zero in 0 In [10, §5.3] we extend Definition 
El and Theorem El to locally constructible functions. 

2.3 Stack functions 

Stack functions are a universal generalization of constructible functions intro¬ 
duced in [11, §3]. Here [11, Def. 3.1] is the basic definition. Throughout IK is al¬ 
gebraically closed of arbitrary characteristic, except when we specify char K = 0 . 

Definition 2.6. Let ^ be an algebraic K-stack with affine geometric stabilizers. 
Consider pairs (91, p), where 91 is a finite type algebraic K-stack with affine 
geometric stabilizers and p : 91 ^ 5^ is a 1-morphism. We call two pairs (91, p), 
iffi!, p') equivalent if there exists a 1-isomorphism 6 : 91 ^ 91^ such that p' o l 
and p are 2-isomorphic 1-morphisms 91 ^ J. Write [(91, p)] for the equivalence 
class of (91, p). If (91, p) is such a pair and 6 is a closed K-substack of 91 then 
( 6 , pie)) (91 \ 6 , pjfRXe) ^tre pairs of the same kind. 

Define ^(5^) to be the Q-vector space generated by equivalence classes 
[(91, p)] as above, with for each closed K-substack 6 of 91 a relation 

[(91,p)] = [(6,p|e)] + [(91\6,p|)„\e)]- (5) 

Define SF(iJ) to be the Q-vector space generated by [(91, p)] with p representable, 
with the same relations ®. Then SF(5') C SFf,T~). 
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Elements of SF(5^) will be called stack functions. In [11, Def. 3.2] we relate 
CF(^) and SF(5). 

Definition 2.7. Let ^ be an algebraic K-stack with affine geometric stabilizers, 
and C C g^(K) be constructible. Then C = 91i(K), for IHi,... finite 

type K-substacks of Let ^ 5^ be the inclusion 1-morphism. Then 

[(91i,pi)] G SF(5^). Define Sc = X]r=i[(^G a)] G SF(3^). We think of this stack 
function as the analogue of the characteristic function Sc G CF(IJ) of C. Define 
a Q-linear map : CF(5') ^ SF(5^) by tgr(/) = Eo 5 ^ce/( 5 (K)) ^For K 
of characteristic zero, define a Q-linear map : SF(5^) ^ CF(IJ) by 

<(i:r=i pO])=E r=i c. cf«*"(p.)i«., 

where Ish, is the function 1 in CF(91i). Then [11, Prop. 3.3] shows o is 
the identity on CF(5^). Thus, is injective and is surjective. In general 
is far from surjective, and ^,SF(5^) are much larger than CF(3^). 

All the operations of constructible functions in H2.2l eytend to stack functions. 

Definition 2.8. Define multiplication ‘ ’ on ^(5^) by 

[(in, p)] ■ [(6, cr)] = [(m &,po TT^)]. (6) 

This extends to a Q-bilinear product ^(5^) x ^(5^) ^ SF(5^) which is com¬ 
mutative and associative, and SF(5^) is closed under ‘ Let ^ ^ © be a 

1-morphism of algebraic K-stacks with affine geometric stabilizers. Define the 
pushforward by 

</>* : E™iCi[(^GP*)] i(7) 

If (f is representable then maps SF(3^) —>SF(©). For if of finite type, define 
pullbacks (t>* : M’(®) </>* : SF(©)^SF(5^) by 

'■ E™ 1 C^[{^\i,Pi)\ I—> Y.T=1 Xp..®.0 ^s)]- (8) 

The tensor product (8i:SF('S')xSFf©l^SFfiyx©) or SF(5^)xSF(©) ^SF(jJx©) is 


(EEi P*)]) ® (ELi Cidj[{^i X 6j, Pi xcTj)]. (9) 


Here [11, Th. 3.5] is the analogue of Theorem 12.51 

Theorem 2.9. Let C:,5^, ©,ij be algebraic ^-stacks with affine geometric sta¬ 
bilizers, and /3:5^—>0, 7 : 6 ^.^ be 1-morphisms. Then 


(70/3)* =7*0/3^, : SF(3')^SF(-^), 
(7o/3)*=ro7* :SF(ij)^SF(j?), 


( 70 / 3 )* = 7 * 0 / 3 * : SF( 5 ^)^SF(i 3 ), 
( 70 / 3 )*=/3* 07 * : SF(lj)^SF(^), 
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for /3 ,7 representable in the second equation, and of finite type in the third and 
fourth. If f,g€ M'(®) /3 is finite type then j3*{f ■ g) = f3*{f) ■ fd*{g). If 


© is a Cartesian square with 
ie -0 1 0,'ip of finite type, then 

' <p ' 

5-^ the following commutes: 

The same applies for SF(©),..., SF(^) if g, are representable. 

In [11, Prop. 3.7 & Th. 3.8] we relate pushforwards and pullbacks of stack 
and constructible functions using 

Theorem 2.10. Let K have characteristic zero, © be algebraic 'K-stacks with 
affine geometric stabilizers, and ^ ^ & be a 1-morphism. Then 

(a) (jf o L(B = L:g o f* : CF(©)^SF( 3 ') if is of finite type; 

(b) o (/)h. = CF®**'((/)) : SF(5') ^ CF(©) if is representable; and 

(c) o (j)* = (jj* o TTg*' : SF(©) ^ CF(15') if is of finite type. 

In [11, §3] we extend all the material on SF)SF(JJ) to local stack functions 
LSF . kSFlSl. the analogues of locally constructible functions. The main differ¬ 
ences are in which 1 -morphisms must be of finite type. 

2.4 Motivic invariants of Artin stacks 

In [11, §4] we extend motivic invariants of quasiprojective K-varieties to Artin 
stacks. We need the following data, [11, Assumptions 4.1 & 6.1]. 

Assumption 2.11. Suppose A is a commutative Q-algebra with identity 1, and 

T : {isomorphism classes [A] of quasiprojective K-varieties X} —> A 

a map for K an algebraically closed field, satisfying the following conditions: 

(i) If F C A is a closed subvariety then T([A]) = T([A \ F]) -|- T([F]); 

(ii) If A, F are quasiprojective K-varieties then T([AxF]) = T([A])T([F]); 

(iii) Write £ = T([K]) in A, regarding K as a K-variety, the affine line (not the 
point SpecK). Then £ and £^ — 1 for fc = 1, 2,... are invertible in A. 

Suppose A° is a Q-subalgebra of A containing the image of T and the elements 
£~^ and -I- £^~^ + • —h 1)“^ for k = 1,2,..., but not containing {£ — 1)“^. 
Let fl be a commutative Q-algebra, and tt : A° ^ 12 a surjective Q-algebra 
morphism, such that 7r(£) = 1. Define 

0 : (isomorphism classes [A] of quasiprojective K-varieties A} —> f2 

by 0 = TT o T. Then 0([K]) = 1. 


^(©) 

f e* 0* f 
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We chose the notation as in motivic integration [K] is called the Tate 
motive and written L. We have T([GL(m,K)]) = so 

(hi) ensures T([GL(to,K)]) is invertible in A for all m ^ 1. Here [11, Ex.s 4.3 
& 6.3] is an example of suitable A, T,...; more are given in [11, §4.1 & §6.1]. 

Example 2.12. Let K be an algebraically closed field. Define A = Q{z), the 
algebra of rational functions in z with coefficients in Q. For any quasiprojec- 
tive K-variety X, let T([X]) = P{X]z) be the virtual Poincare polynomial of 
X. This has a complicated definition in [11, Ex. 4.3] which we do not repeat, 
involving Deligne’s weight filtration when charK = 0 and the action of the 
Frobenius on l-adic cohomology when charK >0. li X is smooth and projec¬ 
tive then P{X;z) is the ordinary Poincare polynomial b^{X)z^, where 

b^{X) is the Betti number in Z-adic cohomology, for I coprime to charK. 

Also£=P(K;z) = z2. 

Let A° be the subalgebra of P{z)/Q{z) in A for which z ± 1 do not divide 
Q{z). Here are two possibilities for H, tt. Assumption 12. Ill holds in each case. 

(a) Set H = Q and tt : /(z) i—> /(—I). Then 0([X]) = tt o T([A']) is the Euler 
characteristic of X. 

(b) Set H = Q and tt : /(z) /(!)■ Then ©([X]) = tt o T([Ar]) is the sum of 

the virtual Betti numbers of X. 


We need a few facts about algebraic 'K-groups. A good reference is Borel [2]. 
Following Borel, we define a "K-variety to be a K-scheme which is reduced, 
separated, and of finite type, but not necessarily irreducible. An algebraic K- 
group is then a K-variety G with identity 1 G G, multiplication pL : G x G ^ G 
and inverse i : G ^ G (as morphisms of K-varieties) satisfying the usual group 
axioms. We call G affine if it is an affine K-variety. Special K-groups are studied 
by Serre and Grothendieck in [3, §§1, 5]. 

Definition 2.13. An algebraic K-group G is called special if every principal G- 
bundle is locally trivial. Properties of special K-groups can be found in [3, §§1.4, 
1.5 & 5.5] and [11, §2.1]. In [11, Lem. 4.6] we show that if Assumption l2.1l| holds 
and G is special then T([G]) is invertible in A. 

In [11, Th. 4.9] we extend T to Artin stacks, using Definition 12.1 31 

Theorem 2.14. Let Assumvtion \2.lT\ hold. Then there exists a unique mor¬ 
phism of Q-algebras T' : ^(SpecK) — > A such that if G is a special alge¬ 
braic M.-group acting on a quasiprojective IK-variety X then T'([[A'/G]]) = 
T([X])/T([G]). 

Thus, if 91 is a finite type algebraic K-stack with affine geometric stabilizers 
the theorem defines T'([91]) G A. Taking A, T as in Fxamnle 12.1 21 yields the 
virtual Poincare function P(91; z) = T'([91]) of 91, a natural extension of virtual 
Poincare polynomials to stacks. Glearly, Theorem 12.1 41 only makes sense if 
T ([G]) “ ^ exists for all special K-groups G. This excludes the Euler characteristic 



T = X, for instance, since x([lK^]) = 0 is not invertible. We overcome this 
in [11, §6] by defining a finer extension of T to stacks that keeps track of maximal 
tori of stabilizer groups, and allows T = y. This can then be used with 0, in 
Assumption 12.111 

2.5 Stack functions over motivic invariants 

In [11, §4-§6] we integrate the stack functions of H2.dl with the motivic invariant 
ideas of El to define more stack function spaces. 

Definition 2.15. Let Assumption 12.1 11 hold, and ^ be an algebraic K-stack 
with affine geometric stabilizers. Consider pairs (fH, p), with equivalence, as in 
Definition 12.til Define ^(5^, T, A) to be the A-module generated by equivalence 
classes [(IH, p)], with the following relations: 

(i) Given [(91, p)] as above and 6 a closed K-substack of 91 we have [(91, p)] = 
[(6)Pls)] + [(3^\ 6,pk\e)], as in 0. 

(ii) Let 91 be a finite type algebraic K-stack with affine geometric stabilizers, 
U a quasiprojective K-variety, : 91 x t/ ^ 91 the natural projection, 
and p : 91 ^ 5^ a 1-morphism. Then [(91 x U,po TTf^jj = T([{7])[(91, p)]. 

(hi) Given [(91, p)] as above and a 1-isomorphism 91 = [9f/G] for X a quasipro¬ 
jective K-variety and G a special algebraic K-group acting on X, we have 
[(91, p)] = T([Gj)“^[(Ar, p o tt)], where tt : X = [X/G] is the natural 
projection 1-morphism. 

Define a Q-linear projection : SF(5^) —*• SF(5^, T, A) by 

: SiG/ Ci[(91i, Pi)] I > Ci[(^ii 

using the embedding Q C A to regard Ci G Q as an element of A. 

We also define variants of these: spaces SF(jJ, T, A), SF(5^, T, A°) and 

SF . SF(5^, 0, n), which are the A, A°- and D-modules respectively generated by 
[(91, p)] as above, with p representable for SF(5^, *, *), and with relations (i),(ii) 
above but (iii) replaced by a finer, more complicated relation [11, Def. 5.17(iii)]. 
There are natural projections IlJ’^, LlJ’^ between various of the 

spaces. We can also define local stack function spaces LSF . LSF . LSF(g^, =i=, *). 

In [11] we give analogues of Definitions l2 . 7l and l2 . 8l and Theorems l2.fil and l2.1()l 
for these spaces. For the analogue of 7r|‘suppose X : A° —> Q or X : Id ^ Q is 
an algebra morphism with XoT([[/]) = x([t^]) orXo0([{7]) = x([C^]) for varieties 
U, where x is the Euler characteristic. Define : SF^?, T,A°) ^ CF(5') or 
: SF(5,0,D) ^GF(^) by 

irf (Er=i c^m.,p.)]) = Er=i X(cO GF^‘'^(pOlar,. 

The operations ‘ (g) on ^(*, T, A),..., SF(=i=, 0, D) are given by the 

same formulae. The important point is that are compatible with the 

relations defining SF(*, T, A),..., SF(*, 0, D), or they would not be well-defined. 
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In [11, Prop. 4.14] we identify ^(SpecK, T, A). The proof involves show¬ 
ing that T' in Theorem im is compatible with Definition I2.15r il-('iii') and so 
descends to T' : SF(SpecIK, T, A) ^ A, which is the inverse of za. 

Proposition 2.16. The map ■. K ^ ^(SpecK, T,A) taking ia : c 
c[SpecIK] is an isomorphism of algebras. 

Here [11, Prop.s 5.21 & 5.22] is a useful way of representing these spaces. 

Proposition 2.17. SF(1?, T, A), SF(1?, T, A°) and ^,SF(1?,0,H) are 

generated over A,A° and fl respectively by elements [({7 x [SpecK/T], p)], for U 
a quasiprojective M.-variety and T an algebraic K.-group isomorphic to (K^)^ x 
K for k ^ 0 and K finite abelian. 

Suppose Ci[{Ui X [SpecK/Ti], Pi)] = 0 in one of these spaces, where 

I is finite set, Ci € A,A° or kl, Ui is a quasiprojective K-variety and Ti an 
algebraic ^-group isomorphic to x Ki for ki ^ 0 and Ki finite abelian, 

with Ti ^ Tj for i j. Then Cj[(Uj x [SpecK/Tj], p^-)] = 0 for all j € I. 

In [11, §5.2] we define operators H^, H)]', H^ on *) *) (but not on 

^(5', T,A)). Very roughly speaking, H)]' projects [(91, p)] S M'(5’) to [(91„,p)], 
where 91„ is the K-substack of points r £ 91(]K) whose stabilizer groups IsO]K(r) 
have rank n, that is, maximal torus (K^)". 

Unfortunately, it is more complicated than this. The right notion is not 
the actual rank of stabilizer groups, but the virtual rank. This is a difficult 
idea which treats r £ 91(]K) with nonabelian stabilizer group G = IsoK(r) as a 
linear combination of points with ‘virtual ranks’ in the range rkC(G')^n^rkG'. 
Effectively this abelianizes stabilizer groups, that is, using virtual rank we can 
treat 91 as though its stabilizer groups were all abelian, essentially tori 
These ideas will be key tools in n-n 

Here is a way to interpret the spaces of Definition 12.151 explained in [11]. 
In il2.2l pushforwards : CF^J) ^ CF(0) are defined by ‘integration’ 

over the fibres of (j), using the Euler characteristic x measure. In the same 
way, given A, T as in AssumDtion l2.lIl we could consider A-valued constructible 
functions CE(g’)A, and define a pushforward (f)„ : CF(5')a —> CE(©)a by ‘inte¬ 
gration’ using T as measure, instead of %. But then {ip o <p)^ = ip,, o (p^, may 
no longer hold, as this depends on properties of x on non-Zariski-locally-trivial 
fibrations which are false for other T such as virtual Poincare polynomials. 

The space ^(S’, T,A) is very like CE(3 ’)a with pushforwards defined 
using T, but satisfies {ipoip)^, = and other useful functoriality properties. 

So we can use it as a substitute for CF(5’). The spaces SF^?, *, *) are similar 
but also keep track of information on the maximal tori of stabilizer groups. 


3 Background on configurations from [12] 

We recall in ED the main definitions and results on (J, ^)-configurations that 
we will need later, and in some important facts on moduli stacks of con- 
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figurations. For motivation and other results see [12], and for background on 
abelian categories, see Gelfand and Manin [6]. 


3.1 Basic definitions 

Here is some notation for finite posets, taken from [12, Def.s 3.2 & 4.1]. 

Definition 3.1. A finite partially ordered set or finite poset (/, is a finite set 
/ with a partial order I. Define J C / to be an f-set ii i € I and h,jGJ and 
h^i^j implies i G J. Define to be the set of f-sets of I. Define to be 

the subset of (J, K) G x such that J C K, and if j G J and k € K 

with k^j, then k G J. Define to be the subset of (J, K) G x 

such that K C J, and if j G J and k G K with k^j, then j G K. 

We define (I, ^)-configurations, [12, Def. 4.1]. 

Definition 3.2. Let (/, ri) be a finite poset, and use the notation of Definition 
im Define an (/, :<)-configuration (cr, t, tt) in an abelian category A to be maps 
a : ^Obj (A), l : —>Mor(A), and tt : ^Mor(A), where 

(i) a{J) is an object in A for J G with a{%) = 0. 

(ii) i{J,K) : a{J)^a{K) is injective for (J, AT) G0(/,^), and t(J, J) =idCT(j). 

(hi) Tr{J,K):<T{J)^a{K) is surjective for (J, iG) and 7r( J, J) =id(^(j). 

These should satisfy the conditions: 

(A) Let {J, K) G and set L = K\J. Then the following is exact in A: 


0 


cr(J) 


l(J,K) 


a{K) 


Tr(K,L) 


■(t{L) 


0 . 


(B) If (J, K) G and [K, L) G then t( J, L) = l{K, L) o i( J, K). 

(C) If (J, K) G and (AT, L) G then 7r( J, L) = tt{K, L) o 7r( J, AT). 

(D) If (J, AT) G and (K,L) G then 

tt{K, L) o t( j, K) = l{J n a, A) o 7r( j, J n A). 


A morphism a : (cr, t,7r) ^ of (/, ^)-configurations in A is a 

collection of morphisms a{J) : cr(J) ^ cr'(J) for each J G satisfying 

Q!(Ar) o t(A, AT) = t'( J, K) o a{ J) for all (J, AT) G and 

a{K) o 7r(J, AT) = 7r'(A, K) o a{J) for all (J, AT) G 

It is an isomorphism if a{J) is an isomorphism for all J G 

Here [12, Def.s 5.1, 5.2] are two ways to construct new configurations. 
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Definition 3.3. Let (I, be a finite poset and J G Then (J, is also 

a finite poset, and Let {a,i,Tr) be an 

^)-configuration in an abelian category A. Define the (J, :<)-subconfiguration 
(cr',i',7r') of (cr, 6,7r) by cr'= cr|.F(j,^), >-'= and tt'= TT\-H^j_^y 

Let (/, ^), (K, <) be finite posets, and (p : I^K he surjective with i^j im¬ 
plies 4>{i) < (pij)■ Using (j)~^ to pull subsets of K back to / maps i^(K,<},G 

^ ^ {I,<)^G {!,<),Let (cr, i,7r) be an (/, ^)-configuration in an 
abelian category A. Define the quotient (K, <)-configuration {a, t, tt) by a^A) = 
a{(j)~^{A)) ioT AgT^k,<), l{A,B) = L[4>-^{A),(j)-^{B)) for {A, B) and 

n{A,B)='!T[(t>~^{A),4>~^{B)) for {A, B) GTi(K,<)- 

3.2 Moduli stacks of configurations 

Here are our initial assumptions. 

Assumption 3.4. Fix an algebraically closed field K. (Throughout 0 we 
will require K to have characteristic zero.) Let A be an abelian category 
with Hom(X, F) = Ext°(A, F) and Ext^(A, F) finite-dimensional K-vector 
spaces for all A, F G A, and all composition maps Ext*(F, Z) x ExU(X, F) ^ 
Ext*^'^(X, Z) bilinear for i,jfi + J = 0 or 1. Let K{A) be the quotient of 
the Grothendieck group Kq{A) by some fixed subgroup. Suppose that if A G 
Obj (A) with [A] = 0 in k(a) then A = 0. 

To define moduli stacks of objects or configurations in A, we need some 
extra data., to tell us about algebraic families of objects and morphisms in A, 
parametrized by a base scheme U. We encode this extra data as a stack in 
exact categories on the 2-category of K-schemes Schx, made into a site with 
the etale topology. The K,A, A(A),5^^ must satisfy some complex additional 
conditions [12, Assumptions 7.1 & 8.1], which we do not give. 

We define some notation, [12, Def. 7.3]. 

Definition 3.5. We work in the situation of Assiimotiou 13.41 Define 

C{A) = {[X]€ K{A) : A G A} C K{A). 

That is, C{A) is the collection of classes in K{A) of objects A G A. Note that 
C'(A) is closed under addition, as [A © F] = [A] + [F]. In [13,14] we shall make 
much use of C'(A) = C'(A) \ {0}. We think of C'(A) as the ‘positive cone’ and 
C{A) as the ‘closed positive cone’ in K{A), which explains the notation. For 
(/, F) a finite poset and k : I —>■ C(A), define an (J, F, n)-configuration to be 
an (/, ^)-configuration (cr, t,7r) with [cr({i})] = k(i) in K{A) for all i G I. 

In the situation above, we define the following K-stacks [12, Def.s 7.2 & 7.4]: 

• The moduli stacks Dbj^ of objects in A, and of objects in A with 

class a in K{A), for each a G C'(A). They are algebraic K-stacks, locally 
of finite type, with Dbj[^ an open and closed K-substack of Dbj^. The un¬ 
derlying geometric spaces Dbj^(IK), Dbj[J(]K) are the sets of isomorphism 
classes of objects A in A, with [A] = a for Dbj[^(]K). 
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• The moduli stacks OT(/, of {I, ^)-configurations and 0Jl(/, of 

(/, k)- configurations in A, for all finite posets (/, and n : I —>■ C{A). 

They are algebraic K-stacks, locally of finite type, with an 

open and closed K-substack of 2H(/, di)A- Write M{I, k)a 

for the underlying geometric spaces 97t(/, 2H(/, k)^(K). Then 

Ai{I, and Ad(/, are the sets of isomorphism classes of (/, ^)- 

and (I, k)- configurations in A, by [12, Prop. 7.6]. 

Each stabilizer group Isok([X]) or Isok([(o’, l, tt)]) in or SH(/, :<)a is the 

group of invertible elements in the finite-dimensional K-algebra End(X) or 
End((cr, t, tt)) . Thus have affine geometric 

stabilizers, which is required to use the results of a 

In [12, Def. 7.7 & Prop. 7.8] we define 1-morphisms of K-stacks, as follows: 

• For (/, :<) a finite poset, k ■. I ^ C{A) and J G we define <t( J) : 

‘^{I,^)a ^i')A or cr(J) : 9Jl(/, The induced 

maps (t(J)* : M{I,A)a i?bj^(K) or M{I,di,n)A (K) 

act by (t(J)* : [(cr, t, tt)] i—> [cr(J)]. 

• For (/, ^) a finite poset, k : I ^ C{A) and J G we define the 

(J, A)-subeonfiguration 1-morphism S{I, J) : 31t(/, ^ $H(J, or 

S{I, J) ■ ®1(7, k)a k\j)a- The induced maps S{I, J)* 

act by S'(/, J)* : [(cr, i,7r)] i-^ [(tr', tt')], where (cr, 6, tt) is an (/, ^)- 

configuration in A, and (cr', tt') its (J, ^)-subconfiguration. 

• Let (7,^), (7f, <) be finite posets, k : I ^ C{A), and (j) : I ^ K he 
surjective with i^j implies (j){i) < (f){j) for i,j G I. Define pL : K ^ C{A) 
by p.{k) = T,ie 4 ,- i(^) K(i). We define the quotient (K, <)-configuration 
1-morphisms 


Q{I, K, <, </.) : mil, ^ miK, ( 10 ) 

Q(7, K, <, : mil, k)a -> miK, <, Pi)A. ( 11 ) 

The induced maps Qil, K, <, (/))* act by Q(/, K, <, cj))^ : [(cr, l, tt)] i—> 
[((7, 7, tt)], where (cr, c, tt) is an (J, ^)-configuration in A, and (it, 7, tt) its 
quotient (Tf, <)-configuration from (f. 

Here [12, Th. 8.4] are some properties of these 1-morphisms: 

Theorem 3.6. In the situation above: 

(a) Qil, K, <, 4>) in (tTUI) and 03 are representable, and 03 is finite type. 

(b) (t(/) : mQ,^, k)j{ — r Ob)'^^^ is representable and of finite type, and 
(t(/) : mil, ^)^ —r Qb)A is representable. 

(c) OiG/ '^({*}) : ' n*G/ Db)^ is of finite type. 

In [12, §9-§10] we define the data A,KiA),iSA in some large classes of ex¬ 
amples, and prove that Assumption 13.41 holds in each case. 
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4 Algebras of constructible functions on Obj^ 

We now generalize the idea of Ringel-Hall algebras to constructible functions 
on stacks. Let Assumption Id.41 hold. We show how to make the Q-vector space 
CF(Dbj^) of constructible functions into a Q-algebra. 

We begin in il4.1l bv defining the multiplication on CF(Dbjx), and showing 
it is associative. Section extends this to locally constructible functions, and 
S3I constructs left or right representations of the algebras CF(Dbjx), using 
configuration moduli stacks. Section 14.41 shows the subspace CF™'^(Dbj^) of 
functions supported on indecomposables is a Lie subalgebra of CF(Dbj^), and 
E31 that under extra conditions on A the subspace CFfin(Dbj^) of functions 
with finite support is a subalgebra of CF(Dbj^). 

Section lOI proves the Q-algebra CFfin(Dbj^) is isomorphic to the universal 
enveloping algebra 17(CFg'jf (Dbj^)). Section Wl\ defines a commutative co¬ 
multiplication A on CFfin(Dbj^) making it into a bialgebra, and H4.8I defines 
multilinear operations on CF(Dbj^) for all finite posets (/, ^), which sat¬ 

isfy an analogue of associativity. Finally, sn gives some examples from quiver 
representations mod-KQ. 

Throughout this section we fix an algebraically closed field K of characteristic 
zero, so that we can apply the constructible functions theory of 


4.1 An associative algebra structure on CF(Dbjyi) 

We now extend the Ringel-Hall algebra idea to the stacks set up of a First 
we define the identity 5[o] and multiplication * on CF(Dbj^). 

Definition 4.1. Suppose Assumption Id.41 holds. Define (5[o] £ CF(Dbj^) to 
be the characteristic function of the point [0] £ Dbj^(IK), so that (5[o]([A]) = 
1 if A = 0, and (5[o]([A]) = 0 otherwise. For f,g G CF(Dbjx) we define 
f®g £ CF(Dbj^ X Dbu) by (/®ff)([A], [Y]) = f{[X])g{[Y]) for all ([A], [Y]) £ 
(Dbj^ X Dbj^)(K) = Dbj^(K) X Dbj^(K). 

Using the diagrams of 1-morphisms of stacks and pullbacks, pushforwards 
of constructible functions 


ObjA X Dbj^ 






■^({1.2}) 


ObU, 


CF(Obj^) X CF(Dbj^) 

®1 

, ,(o'({l})x<^({2}))* , , 2 })) 

CF(Clbj^xObj^) -^CF(OT({1,2},^)^) -^CF(Obj^) 

define a bilinear operation * : CF(Dbj^) x CF(Dbj^) ^ CF(Dbj^) by 

/ * 5 = CF^‘"(<t({1, 2})) [<t({ 1})*(/) . <T({2})*(g)] 

= CF^‘'^(<t({1, 2})) [(<t({1}) X ^({2}))*(/ ® g)]. 


( 12 ) 
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This is well-defined as (t({1,2}) is representable and cr({l}) x cr({2}) of finite 
type by Theorem lif.br bl.t'c'l. so CF®*^((t({1, 2})) and ((t({1}) x cr({2}))* are 
well-defined maps of constructible functions as in a 

Remark 4.2. Our convention on the order of multiplication, with (/ * ( 7 )([X]) 
an integral of f{Y)g{X/Y) over subobjects Y C X, agrees with Frenkel et al. [5] 
and Riedtmann [21, §2], However, Lusztig [19, §§3.1, 10.19, 12.10] and Ringel 
use the opposite convention, with (/ * g)([X]) an integral of f{X/Y)g{Y). 

Here is the basic result, saying CF(Dbj^) is a Q-algebra. The proof is related 
to Ringel [23] and Lusztig [19, §10.19]. 

Theorem 4.3. In the situation above, <5[o] * f = f * i5[o] = / for all f in 
CF(Dbj^), and * is associative. Thus CF(Dbj^) is a Q-algebra, with identity 
(5[g] and multiplication *. 

Proof. By considering the ({1,2}, ^)-configuration (tr, i, tt) with cr({l}) = 0 
and a{{2}) — X for X G A, which is unique up to isomorphism, we find from 
Definition 14.II that (5[o] * /)([X]) = /([X]), so 5[o] * / = / as this holds for all 
X G A, and similarly / * i5[o] = /. 

Define a,/3 : {1,2,3} ^ {1,2} by a(l) = a(2) = 1, a(3) = 2, /3(1) = 1, 
P{2) = /3(3) = 2. Consider the commutative diagram of 1-morphisms, and the 
corresponding diagram of pullbacks and pushforwards: 


Obj^xDbjyixDbj^ 

r({l})X(T({2}) 

ajl({l,2},^)^xDbj^. 


id£) b j ^ ^ 
<t({2})x<t({3}) 


Dbj^xim({2,3},^U. 


■Dbj^xDbj^ 


idobj 4 X<t({2,3}) 


o-({l})x 

S({1,2,3},<,{2,3}) 


TOT({1,2,3},^)^. 


<t({ 1 })x 

■ m{{i,2},^)A (13) 


^ S({1.2,3}.^.{1.2}) 

’■({l- 2 })xid£)(,j^ x<t({ 3 }) 


DbMxDbu ^-3^({1,2}, ^)a 


Q({1.2.3}.sS.{l,2}.^,/3) 

Q({l,2,3},<,{l,2},^,a) 

■({L2}) 


’■({L2}) 


■ObjA, 


CF(Dbj^xDbj^xObj^) .■^CF(Obj^xOT({ 2 , 3 },^)^) -^ CF(Obj^xObj^) 


(<t({1})x<t({2}) 


r({2})x^({3}))* 


X id 


Obj^ 


CF"'‘'(idobj^ x<t({2,3})) 


(^({1})X 

S({1,2,3}.<,{2.3}))* 


(^({1})X 

<^({2}))* 


(S({1,2,3},<,{1.2}) 

CF(OT({1, 2}, X Obi^j'^^”cF(an({l, 2, 3}, ^Qa) -^ CF(OT({1, 2}, 

,.1, CF‘’*’‘(Q({l,2,3},<.{l,2}.<./3)) 

CF‘'“'(,T({l,2})xidoi,i_^) 

CF''‘*'(Q({l,2,3}.<,{1.2},s;,c<)) CF''‘*'(cr({l,2})) 

, ,('^({1})x<t({2}))* , , CF''“‘(cr({l,2})) 

CF(Obj^xDbj^) -^CF(OT({1,2},^)^) -^ CF(Obj^) 


(14) 


To show the maps in da are well-defined we use Theorem l3.tif aLfbLlcl to show 
the corresponding 1-morphisms are representable or finite type, and note that 
S'({1, 2, 3}, {1, 2}) X cr({3}), cr({l}) X S'({1, 2, 3}, {2, 3}) are finite type by 

a similar proof to Theorem E^c). 
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The top left square in 03 commutes by 0 , and the bottom right by 
Now [12, Th. 7.10] implies that 

I <^({1.2}) Q({l,2.3},sS,{1.2}.sS.a) j 

ObU --2}, ^)a 

is a Cartesian square. Taking Hbre products with <t({ 2}) : 011({1, 2})^ ^ ilbj^ 
then shows the bottom left square in m is also Cartesian, so the bottom 
left square in d commutes by 0. Similarly the top right square in d 
commutes. Therefore d commutes. Now let f,g,h £ CF(Dbj^), so that 
f 'Si g 'Si h £ CF(Dbj^ X Dbj^ x Dbj^). As (tTHl commutes, applying the two 
routes round the outside of the square toshows that {f*g)*h = f*{g*h). 
Thus * is associative, and CF(Obj^) is an algebra. □ 

Because of the use of Cartesian squares and Theorem in the proof of 
Theorem 14. Ill to make * associative we must use the stack pushforward CF®**^ in 
d, and other pushforwards such as CF'^®' will in general give nonassociative 
multiplications. In particular, as CF'*'^*' depends on the stabilizer groups Isok(x), 
we cannot afford to forget this information by passing to coarse moduli schemes, 
if they existed. This is an important reason for working with Artin stacks, rather 
than some simpler class of spaces. 

Define the composition algebra C C CF(Dbj^) to be the Q-subalgebra gen¬ 
erated by functions / supported on [AT] £ Obj^(IK) with X a simple object 
in A. In examples, the composition algebra C is usually more interesting than 
the Ringel-Hall algebra CF(Dbj>t). When there are only hnitely many simple 
objects up to isomorphism C is finitely generated. 

4.2 Extension to locally constructible functions 

Next we observe that the associative multiplication * in SHI extends to a large 
subspace LCF(Dbj^) of the locally constructible functions LCF(Dbj^). 

Definition 4.4. Suppose Assiimntion I, '1.41 holds. Define LCF(Dbjy!i) to be the 
Q-vector subspace of LCF(Dbj^) consisting of functions / supported on subsets 
Dbj[^(K) in Dbj^(]K) for S C C{A) a/imte subset. Following (IT^ . define 
* : LCF(Dbj^) x LCF(Dbj^) ^ LCF(Dbj^) by 

f*g = LCF‘'^(<t({ 1, 2})) [^({1})*(/) • <T({2})*(g)]. (15) 

To see this is well-defined, recall the disjoint union of stacks [12, Th. 7.5] 

911({1, 2 }, = IJ .:{1.2}^ C ? M ) ^({ 1 ’ 2 }, k)a. 

Let /,g £ LCF(Dbj^) be supported on IT pc;Dbj‘^(]K), IT p. 7 .Dbj‘^(]K) respec¬ 
tively for finite S,T C C{A). Then cr({l})*(/) • cr({2})*(g) in d is locally 
constructible and supported on the hnite number of A4({1, 2}, k)a for which 
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k(1) £ S and k{2) £ T. By Theorem IH.dr b^ cr({l,2}) : 971({1, 2}, k )_4 ^ 

£^^.^({ 1 , 2 }) representable and oi finite type. Thus LCF®*’'(<t({ 1, 2}))[-• ■ ] is 
well-defined in ca, and lies in LCF(Dbj^). But clearly f * g is supported on 
U„es. / 36 T so f*gG LCF(Dbj^). 

Actually, * often makes sense on even larger subspaces of LCF(Dbj^). For 
/ to be well-defined, all we need is that for each 7 £ C{A), there should exist 
only finitely many pairs a,/3 £ C{A) with 7 = a -k /? and /|ob)^(K), slobj^CK) 
both nonzero. If it happens that for all 7 £ C{A) there are only finitely many 
pairs a,/3 £ C'(^) with a + /3 = ^ then this holds automatically, and f * g is 
well-defined for all f,gG LCF(Dbj^). In particular, this holds for all the quiver 
examples of [12, §10], so in these examples LCF(Dbj^) will be a Q-algebra. 

We shall deal only with LCF (Dbj^), though, as it is sufficient for the applica¬ 
tions in [13,14], where it is useful, for instance, that lies in LCF(Dbj^). 

Here is the analogue of Theorem 14.31 The proof follows that of Theorem 01 
replacing CF(- • ■) by LCF(- • •) and CF®*^(- ■ •) by LCF®‘^(- ■ •), and arguing as 
in Definition EM to show the operators LCF’**^^(- • ■) are well-defined. 

Theorem 4.5. In the situation above LCF(Dbj^) is a Q-algebra, with identity 
(5[o] and associative multiplication and CF(Dbj^) is a Q-subalgebra. 

In the rest of the section we give many results for CF(Obj^). Mostly these 
have straightforward generalizations to LCF(Dbj^), which we leave as exercises 
for the reader, just making the occasional comment. Here are two other remarks: 

• The Q-subalgebra of LCF (Dbj^) generated by the characteristic functions 
'^Dbj;j(K) of Dbj[^(IK) for a £ C{A) may be an interesting algebra. 

• One can also consider infinite sums in LCF(Dbj^) or LCF(Dbj^). We 

call an infinite sum fi with fi £ LCF(Dbj^) convergent if for all 

constructible C C Dbj^(K), only finitely many fi\c are nonzero. Then 
Sig/ fi makes sense, and lies in LCF(Dbj^). In [14] we will prove identi¬ 
ties which are convergent infinite sums of products in LCF(Dbj^). 

4.3 Representations of Ringel—Hall algebras 

Here is a way to construct representations of the algebra CF(Dbj^) of il4.1l 
Although it is very simple, I did not find this method used explicitly or implicitly 
in the Ringel-Hall algebra literature. 

Definition 4.6. Let Assumption 13.41 hold. Define a,P : {1,2,3} —> {1,2} by 
a(l)=a(2) = l, a(3)=2, /3(1) = 1, /3(2) =/3(3) = 2. (16) 

Using the diagram of pullbacks, pushforwards of constructible functions 
CF(Dfaj^) X CF(OT({1, 2}, CF(5n({l, 2}, 

(<^({2}))*- ' -^ f CF"“'(Q({1.2,3}.<. 

(Q({l,2.3},<,{1.2},,S.c,))* I {l,2}.s:./3)) 

CF(Dbj^xOT({l, 2}, ^ CF(an({l, 2, 3}, 

(cr({2})xQ({l,2.3},<.{1,2},<.«))• 
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define : CF(Dbj^) x CF(OT({1, 2}, <)^) ^ CF(a7l({l, 2}, by 

/ r = CF^“^(Q({1, 2, 3}, {1, 2}, (3)) 

[^({ 2 })*(/) . (Q({ 1 , 2 ,3}, { 1 , 2 }, a))*(r)]. 

This is well-defined as (5({1, 2,3}, {1, 2}, /3) is representable by Theorem 

I3.6r ab and one can show cr({2}) x Q{- ■ • , a) is finite type. In the same way, 
define *r : CF(ajl({l, 2}, ^)a) x CF(Dbj^) ^CF(M({1, 2}, ^)a) by 

r*Rf = CF^‘'^(Q({1, 2, 3}, {1, 2}, a)) 

[(Q({1, 2, 3}, {1, 2}, P)nr) ■ <t({2})*(/)] . 

For X G A, write for the vector subspace of / S CF(9JI({1,2}, 
supported on points [(cr, 6 , tt)] with 2}) = X. 

The proof of the next theorem is modelled on that of Theorem l4.3l Note that 
we do not claim that CF(0JI({1, 2}, are two-sided representations of 

CF(Dbj^), only that *l and *r separately define left and right representations. 
That is, we do not claim that {f *l r) *r g = f *l {r *r g) for f,gG CF(Obj^) 
and r G CF(0JI({1, 2}, ^)^), and in general this is false. 

Theorem 4.7. Above, if f,g G CF(Dbj^) and r G CF(2H({1, 2}, ^)_ 4 ) then 
5[o\*Lr = r, {f*g)*Lr = f*L{g*Lr) and r=t=fi5[o] = r, r*R{f*g) = {r*Rg)*Rf. 
Thus, *L,*R define left and right representations of the algebra CF(Dbj^) on 
the vector space CF(0JI({1, 2}, ^)^). 

Furthermore, for X G A the subspace is closed under both actions *r 
of CF(Dbj^). Hence is a left and right representation of CF(Dbj^). 

Proof. The first part of Theorem ld.dl Efeneralizes easily to show that (5[o] *lt = r. 
Define 7 ,5 : {1, 2,3,4} ^ {1, 2} and e, C, r? : {1, 2,3,4} ^ {1, 2, 3} by 

7 : 1 , 2 , 31 —>1, 7:4i—> 2, <5:2, 3,4i-^2, e:l,2i—s-l, e:3i—>2, 

e:4i-^3, C-2, 3i-^2, C:4i-^3, 77 :!^^!, g:2^2, ? 7 : 3 , 4 i-^ 3 , 

and a, (3 as m- Consider the diagram of 1-morphisms 


Dbj^ X 

Obi^ X 


Dbj^ X 

sm({i, 2 ,3}, 0 ^ 

X<,({2})x '' id 


sm({i, 2 },^)^ id 

Q({l,2,3},<,{l,2},s:,c,) 

(,t({2})x,t({3})) 

X ldajt({l,2},<)^ 

art({2,3},sS).4X ^ 

an({i, 2 },s;)^ 


Dbj^ X 

■ajl({l, 2 },^)^ 


Q({l,2,3},<,{l,2},<,/3) 


({2})xQ({l,2,3,4},<,{l,2,3},^,e) 

o-({2})xQ({l,2,3},^,{l,2},<,a) 

im({l,2,3,4},<)^-^SrR({l,2,3},^)^ 


S({1,2,3,4},<,{2,3})X 

Q({1,2,3,4},<,{1,2},<,7) 


'■({2,3}) 2},^)^ 


^({ 2 »X 

ObjAX QH1. 2,3},^.{l,2}.<,a) O ol 

m({l, 2 }, ^)a 


Q({ 1 , 2 ,3,4}, ^,{ 1 , 2 ,3), <, 77 ) 

Q({l,2,3},^,{l,2>,^,/3) 
Q({1,2,3,4>,<,{1,2,3},^,C) 

QC{l,2,3},^,{l,2},^,/3) 

-^9Jl({l,2},s;)^, 


(18) 
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analogous to CSI). It is not difficult to show ra commutes, and the top right 
and bottom left squares are Cartesian. Thus there is a commutative diagram of 
spaces CF(- • ■) and pullbacks/pushforwards analogous to (ICTl . Applying this 
to /( 8 ) 5 ( 8 )r in CF(Dbj^xDbj^x9Jl({l, 2}, gives {f *g) = f *l ig*Lr), 
and is a left representation. The proof for *fi is similar. 

Finally, if r G then r is supported on points [(tr, t, 7 r)] with cr({l,2}) = 
X. If we have a diagram 


[(cr, 6, Tt)] ^-1 [(ct , t , TT )] [■ 


Q({1.2.3},^,{l,2},^,/3). 


[(o-, 6 , 7 r)], 


then X ^ a({l,2}) ^ ^'({1,2,3}) ^ d({l,2}) as a({l,2,3}) = {1,2} = 
/3({1,2,3}). Hence in (tTTIl . ((5({1, 2 ,3}, { 1 , 2 }, a))*(r) is supported on 

points [(cr', d, tt')] with cr'({l, 2, 3}) = X, and thus /=i=l r is supported on points 
[(CT,t, tt)] with i7({1,2}) = X. That is, /*Lr lies in so F’^’ is closed under 
*L- The proof for *ii is similar. □ 

This shows that the big representation CF(3JI({1, 2}, contains many 
smaller subrepresentations F^^b In examples, this may be a useful tool for con¬ 
structing finite-dimensional representations of interesting infinite-dimensional 
algebras, such as universal enveloping algebras. 

The ideas above extend easily to representations of LCF(Dbj^) in H4.2I 

on LCF(9JI({1, 2}, ^)a)j the subspace of / G LCF(0JI({1, 2}, supported on 
the union of A4({1, 2 }, k)a over finitely many k : { 1 , 2 } —> C{A). 


4.4 Indecomposables and Lie algebras 

We now give an analogue of ideas of Ringel [22] and Riedtmann [21], who both 
define a Lie algebra structure on spaces of functions on isomorphism classes of 
indecomposable objects in an abelian category. 

Definition 4.8. Suppose Assumption 13.41 holds. An object 0 ^ X G A is 
called decomposable if X = F 0 Z for 0 ^ F, ^ G 4. Otherwise X is indecom¬ 
posable. Write CF‘"‘^(Dbj^) for the subspace of / in CF(Dbj^) supported on 
indecomposables, that is, /([X]) 0 implies 0 ^ X is indecomposable. 

Decomposability can be characterized in terms of the finite-dimensional K- 
algebra End(X) = Hom(X, X): X is decomposable if and only if there exist 
0 61,62 G End(X) with 1 = ei 0 62 , ef = ei, e| = 62 and 6162 = 6261 = 0. 

Then 61,62 are called orthogonal idempotents. Given such 61,62 we can define 
nonzero objects F = Imei and Z = Im 62 in A, and there exists an isomorphism 
X = F 0 Z identifying 61,62 with idvjid^. By choosing a set of primitive 
orthogonal idempotents in End(X) one can show that each 0 ^ X G 4 may be 
written X = Fi © • • • © Fi for indecomposable Fi,..., Fi, unique up to order 
and isomorphism. 

Define a bilinear bracket [, ] : CF(Dbj^) x CF(Dbj^) —> CF(Dbj^) by 

[f,g] = f *g-g* L (i9) 
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for * defined in m- Since * is associative by Theorem 14.dl [, ] satisfies the 
Jacobi identity, and makes CF(Dbj^) into a Lie algebra over Q. 

The following result is related to Riedtmann [21, §2], and [5, Prop. 2.2.8]. 

Theorem 4.9. In the situation above, CF™'^(Dbj^) is closed under the Lie 
bracket [, ], and is a Lie algebra over Q. 

Proof. Let f,g G CF‘"‘^(Dbj^) and Y G A with (/ ( 7 )([T]) ^ 0. By a long but 
elementary calculation involving properties of the Euler characteristic, we can 
show that either (i) Y is indecomposable; 

(ii) Y = X(BZioiX,ZGA indecomposable with X ^ Z and 

if*g){[Y])={f{[X])gi[Z]) + fi[Z])gi[X]))- 

x(Aut(X © Z)! Aut(A) X Aut(Z)); or 

(iii) Y = X ® X for X G A indecomposable and 

(/ * 5)(m) = filXMlX]) ■ x(Aut(A © A)/ Aut(A) x Aut(A)). 

In (ii),(iii) we have (/ * g)([T]) = [g * f )i[Y]), so that [/,ff]([T]) = 0 by (O. 
Hence the only possibility in which [f,g]{[Y]) ^ 0 is (i), when Y is indecompos¬ 
able. Thus [f,g] G CF‘"‘^(Dbj^), as we have to prove. □ 

In the same way we find LCF''''^(Dbj^) is a Lie subalgebra of LCF(Dbj^). 

4.5 Constructible functions with finite support 

Here is some more notation. As functions with finite support are always con¬ 
structible, we do not generalize this to LCF(Dbj^). 

Definition 4.10. Write CFgn(Dbj^) for the subspace of f G CF(Dbj^) with 
finite support, that is, / is nonzero on only finitely many points in i)bj^(K). 
Define CFil]f(Dbj^) = CF“'^(Dbj^) n CFfi„(Dbj^). For each [A] G Obj^(K), 
write i5[jf] : Dbj^(K) —> {0,1} for the characteristic function of [A]. Then the 
(5[x] form a basis for CFfin(Dbj^), and the 5[x\ for indecomposable A form a 
basis for CFjljf (Dbj^). 

We want CFgn(Dbj^) to be a subalgebra of CF(Dbj^). To prove this we 
need an extra assumption, which holds in Example 14. 281 below. 

Assumption 4.11. For all X,Z gA, there are only finitely isomorphism classes 
ofYGA for which there exists an exact sequence 0^X^Y^Z^0 in A. 

If all constructible sets in ObjA o.re finite then CFfi„(Dbj^) = CF(Dbj^) and 
CFjljf (Dbj^) = CF‘"‘^(Dbj^), and Assumption 14. Ill holds automatically. 

Proposition 4.12. If Assumptions \3.4\ and hold then CFfin(Dbj^) is 
closed under and CF[df(Dbj^) is closed under [, ]. 

Proof. For X,Z G A, (5[x] * S[z] is supported on the set of [A] G Dbjyi(K) for 
which there exists an exact sequence 0—>A^A >0. By Assumption 

14. Ill this set is finite, so (5[x] * d[z] lies in CFgn(Dbj^). As the 5[x] form a basis 
of CFfin(Dbj^), it is closed under *. □ 
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4.6 Universal enveloping algebras 

We study the universal enveloping algebras of CF“‘^(Dbj^), (Dbj^). 

Definition 4.13. Let g be a Lie algebra over Q. The universal enveloping 
algebra [/(g) is the Q-algebra generated by g with the relations xy — yx = 
[x, y] for all x,y G q. Multiplication in U (g) will be written as juxtaposition, 
(a;, y) xy. Each Lie algebra representation of g extends uniquely to an algebra 
representation of U (g), so U (g) is a powerful tool for studying the representation 
theory of g. See Humphreys [8] for an introduction to these ideas. 

In Theorem Id.HI the embedding of the Lie algebra CF™'^(Dbjy!i) with bracket 
[, ] in the algebra CF(Dbj^) with multiplication * satisfying Ijl911 implies there 
is a unique Q-algebra homomorphism 

4> : U{Cr^\Ob)A)) ^ CF(Dbj^) (20) 

with $(1) = (5[o] and 4>( /i ■ ■ ■ /„) = /i *•••*/„ for /i, £ CF“‘^(Dbj^). 

Similarly, in Proposition imi there is a unique homomorphism 

4>fi„ : [/(CF“f (Db)^)) ^ CFfi„(Db)^). (21) 


The next two results are similar to Riedtmann [21, §3]. 

Proposition 4.14. $ and 4>fin above are injective. Hence, the Q-subalgebras 
of CF(Db)^), CFfin(Qbj^) generated by CF™‘^(Dbj^), CF™jf (Dbj^) are isomor¬ 
phic to [/(CF'"‘^(Dbj^)), [/(CF[Pf (Dbj^)) respectively. 

Proof. We do the case of 4>fin first, so suppose Assumptions 13.41 and Em hold. 
Let Vi, U £ A be indecomposable. Applying (i)-(iii) in the proof of Theorem 
Id.DI to / = 9 = 5[V2\ find that i5[Vj] *(5[y2] is supported on points [Vi ©U] 

and [F] for F £ A indecomposable, and ((5[yi] * <5[V2]) ([U © U]) = x(Aut(Fi 0 
V 2 )/ Aut(Fi)xAut(F2))- That is, x(Aut(Fi©F2)/ Aut(Fi)xAut(F2))-^[Vi©v2]- 
^[Vi] * <5[V2] i® supported on points [F] for indecomposable F. It is not difficult 
to generalize this to show that if Vi,..., Vm £ A are indecomposable then 

x(Aut(Fi © • • • © Kn)/Aut(Fi) X • • • X Aut(U„)) ■ Vie-'-ev™]- 

(5[Vi] * <j[y2] * • • • * ^[Vm] i® supported on points [IFi © • • • © Wk] (22) 
for indecomposable VFi,..., Wk £ A and l^fc < m. 

Let the Vi,..., Vm have a equivalence classes under isomorphism with sizes 
mi ,..., ma, so that m = rui©- • Using facts about the finite-dimensional 

algebras End(Fi © • • • © 14n),End(Fi),... ,End(F„) and the Jacobson radical 
from Benson [1, §1] we find there is an isomorphism of K-varieties 

Aut(Fi © • ■ -(BVm)/ Aut(Fi) X • • ■ X Aut(K,) x Uti (GL(m„ K)/(K^)™-), 

which allows us to compute the Euler characteristic 

x(Aut(Fi © • • ■ © Un)/Aut(Fi) X • • • X Aut(F„)) = (23) 
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To show $gn is injective, write / = {[X] G £)bj^(K) : X is indecomposable}, 
and let ^ be any arbitrary total order on I. Then ^ [X\ G is a basis for 

CF“jf(Dbj^), so the Poincare-Birkhoff-Witt Theorem [8, Cor. C, p. 92] shows 

{l}u{6[x,]Six,]---S[x4-ri^l, [Xi],...,[X„] G/, [Xi]<-..<[X„]} (24) 

is a basis for C7(CF)bf(Dbj^)). Suppose u G [/(CFjbf(Dbj^)) is nonzero. If 
■u = c -1 for c G Q\ {0} then = C(5[o] 7 ^ 0. Otherwise, there exists a basis 

element '' ’ ^[^„] from (l2Hl with n greatest such that the coefficient 

uiXi]-lx^] of ^[Xi]<i[X 2 ] • ■ is nonzero. 

We shall evaluate the constructible function <I>fin(u) at the point [Xi © • ■ • 0 
Xn]. Let 5[vi] ■ • '^[Vm] be any basis element from (I24II with nonzero coefficient 
in u. Then m^n, by choice of n. We have 


‘f’fin(^[Vi] ■ ■ ■ = ('^[Vi] * • • ■ * 5[V^])([Xl © • ■ • © Xn]) 




C, [Vi®---©Fm] = [Xi©---©X„], 

0, [Vi®---©y™]7^[Xi©---©X„], 


where c is the nonzero integer and in the second line we use (I22II and m^n 
to see that ~ ^[Vi] * • ■ • * ^[Vm] i® [^1 ® • ’ ■ ® ^n]- 

As Vi,Xj are indecomposable, [Fi ® • ■ • © Vm] = [Xi © ■ • • © X„] if and only 
if TO = n and [Vi ],..., [Vm] and [^1], ..., [Xn] are the same up to a permutation 
of 1,..., n. But by assumption [Fi]< ■ • • and [^i]< • ■ ■ in the total 

order < on J, so [Fi © • • • © Vm] = [Xi © • • • © X„] only if [b)] = [Al^j for all i. 
Therefore $fin(M)([-Ai © • • • © X„]) = czi[Xi]...[x„] 0, as (5[Xi] • • • ^[x„] is the 

only basis element making a nonzero contribution. Hence <i>f}„(u) 7 ^ 0 for all 
0 7 ^ u G t/(CF}bf (Dbj^)), and $fin is injective. 

Showing 4) is injective uses essentially the same ideas, but is a little more 
tricky as we cannot choose a basis for CF'"‘^(Dbj^) consisting of functions with 
disjoint support. We leave it as an exercise for the reader. For the last part, 
as $, 4>fin are injective they are isomorphisms with their images, which are the 
Q-subalgebras generated by CF'"‘^(Db)^), CF{bf(Dbj^). □ 


We shall show $fin is an isomorphism. This will enable us to identify the 
algebra CFf}n(Dbj^) in examples. 

Proposition 4.15. Let Assumptions \n\ and Em hold. Then 4>fin in m is 
an isomorphism. 

Proof. As $f}„ is injective by ProDOsition l4.15l we need only show it is surjective. 
Suppose by induction that for some to ^ 1, Im4>fin contains \vi®---®vP\ when¬ 
ever l^n < TO and Vi ^ A are indecomposable. This is trivial for to = 1. Let 
Fi, ..., Vm G be indecomposable. Then by (I22|l . c5[ViQ...QVm] *• • 
lies in the span of functions 5^Wi®---®Wk] indecomposable Wi G A and 
l^k < TO, where c is the nonzero integer i|23. 

By induction (5[Wie-.ew,] S Im4>fin, so c5[v.,(s-®v„t\ “ ^[Vi] * ''' * ^[v^] lies 
in Im$fln. But (5[Vj] = 1 = • • • * (5[y^] = G Im4>fln, so (5[Vie...©y,„] 
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lies in Im<l>gn. Thus the inductive hypothesis holds for m+ 1, and by induction 
^[Vie---ey„] s Im^gn whenever n ^ 1 and Vi € A are indecomposable. 

But each 0 ^ X G A may be written X = Vi © ■ • ■ © 14 for 1/^ G A 
indecomposable, by Definition 14.81 so (5[x] G Im from above. Also (5[o] = 
‘hfin(l) & Ini<i)gn, so (5[x] G Im$fin for all X G A. As the 5[x] are a basis for 
CFgn(Dbj^), this proves Im<i)fin = CFfin(Dbj^), and $gn is surjective. □ 

We shall see in H4.71 that with extra structures on CFfin(Dbj^), is actu¬ 
ally an isomorphism of Q-bialgebras and of Hopf algebras. 


4.7 Comultiplication and bialgebras 

Next we explain how to define a cocommutative comultiplication on the Q- 
algebra CFfin(i)bj^), making it into a bialgebra. Our treatment is based on 
Ringel [25], who defines a similar comultiplication on degenerate Ringel-Hall 
algebras at g = 1. For an introduction to bialgebras, see Joseph [9, §1]. 

Definition 4.16. Let Assumptions I J. 4| and 14 . 1 11 hold, so that CFfin(Dbj^) is a 
Q-algebra by Proposition EUl Let 

4- : CFfi„(Dbj^) © CFfi„(Dbj^) ^ CFfi„(Dbj^ x Dbj^) (25) 

be the unique linear map with 4'(/ © g) = / © g for /, g G CFf}n(Db)^), in 
the notation of Definition 14.11 Since ^([js:],[v]) for X,V G A form a basis for 
CFfi„(Dbj^ X Dbj^) and 4'(J[x] © ^[y]) = S[x] ©<J[y] = <5([x].[y]), we see that 4' 
is an isomorphism of Q-vector spaces. 

For I any finite set, let • be the partial order on {1, 2} with i» j if and only 
if i = j. Consider the diagram of 1-morphisms 




<^({ 1 . 2 }) 


By [12, Prop. 7.9] <t({1}) x cr{{2}) is a 1-isomorphism, and so is representable. 
Now (t({1, 2})* o ((t({1}) X cr({2}))-i : (Dbj^ x Dbj^)(IK) ^ Dbj^(IK) maps 
([y], [©]) 1-^ [Y © Z]. Since for any X G A there are only finitely many pairs 
y, Z G A up to isomorphism with y © Z = A, and (<t({1}) x (t({ 2}))* is a 
bijection, we see that cr({l,2})* takes only finitely many points to each point 
in Db)^(K). Thus the following maps are well-defined: 


A({1.2}))* CF'’“'(o-({l})xo-({2})) 

CFfl„(Db)^)-- CFfi„(im({l, 2}, .)^)-- CFfi„(Db)^xDbj^). 


As 4* is an isomorphism 4' ^ exists, so we may define the comultiplication 

A : CFfi^Dbj^) ^ CFfi„(Dbj^) © CFfi„(Db)^) 
by A = 4/-1 o CF^‘'^(^({1}) X <t({2})) o (^({1,2}))L 

Define the counit e : CFfin(Dbj^) ^ Q by e : / i-^ /([O])- 
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Theorem 4.17. Let Assumptions an d \m\ hold. Then CFfin(C)bjy!i) with 

*,A,(5[o],e is a cocommutative bialgebra. 

Proof. For the axioms of a bialgebra, see Joseph [9, §1.1]. First we show 
CFfin(Dbj^), A, e form a cocommutative coalgebra. As ({1,2},*) is preserved 
by exchanging 1,2, equation is unchanged by exchanging the factors in 
CFgn(Dbj^) 0 CFfin(Dbjyi), so A is coeommutative. To show A is coassociative 
we must show the following commutes: 


CFfl„(Dbj^)- 

I A 

CFfln(Dbi^)0CFfln(Dbi^) 


—^ CFfln(Dbj^) 0 CFfin(Dbj^) 

A[g)id .jf 

CFfln (D bj ^) 0 CFfln (D bj yt) 0 CFfln (D bj ^). 


Using [12, Prop. 7.9] and the fact is an isomorphism, this follows provided 


CFfin(Dbi^) - 

I <t({1.2})* 

CFfln(S«({l,2},.)^) 


Q({l,2.3},.,{l,2},.,/3)* 


^CFfl4OT({l,2},.)^) 

<3({l,2,3},..{l,2},.,a)* I 

CFfln(S«({l,2,3},.)^) 


commutes, where a, [3 are as in fTC|). But this is immediate as cr({l,2}) o 
Q({l,2,3},.,{l,2},.,a) = rT({l,2})oQ({l,2,3},.,{l,2},.,/3). 

Since CFfin(Dbj^) is cocommutative, to show e is a counit we need 


CFfln(Dbj^) 

I A 

CFfln(Dbj^)0CFfln(Dbj^) Q0CFfin(Dbi^) 

to commute. This holds if (A/)([0], [A]) = /([A]) for all / S CFfin(iJbj^) and 
[A] G Dbj^(K), which is clear from ll^ . as there is just one point [(cr, i, tt)] G 
A4({1, 2}, with cr({l}) = 0 and cr({2}) = A, and it has cr({l, 2}) = A. 

Next we prove A is multiplicative, that is, A is an algebra homomorphism 
from CFfin(Obj^) with multiplication * to CFgn(iJbj^)0CFfin(£lbj^) with mul¬ 
tiplication * 0 *. Define I = {a, b, c, d} and a partial order ^ by a^b, c-<d, and 
i<i for i G /. Define maps /r, 12 : / —> {1, 2} by 

/i(o) = p{b) = 1, /i(c) = p{d) = 2, v[a) = v(c) = 1, v{b) = u{d) = 2. 

Then using [12, Prop. 7.9] and the fact that is an isomorphism, calculation 
shows A is multiplicative provided the unbroken arrows ‘—commute in 

CFfi„(Obj^xObj^) -^^^CFfl„(OT({a,c},.U xan({6,d},.U) 

I (<T({a,c})x<T({6.d})) 

I (,t({i})x^({ 2}))* (S(/,r<.{o,c})xS(/.r<.{f>,d}))* I 

CFfl„(OT({l, 2}, ^ CF or CFfl„(an(/, (27) 

|cF=‘>‘(^({1.2})) ~ ^ 2 ~ ~ - _CF=‘>'(Q(i.^,{1.2},<.M))| 

CFfi„(Ofai^)- > CF or^CFfi„(OT({l,2},.)^). 
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Here we write ‘CF or CFgn(- • •)’ as the arrows ‘—*■’ map to CFgn(- • •), but the 
arrows ‘—defined below may map to CF(- ■ •). 

The top square of m commutes as the corresponding 1-morphisms do. The 
bottom square is more tricky, since although in 

2 }, 0 _ _ _ _ - ^)a 

i-^({i.2}) ~ _ Q(hr<.{i.2}.^.M)| (28) 

^an({i, 2}, .)^ 

the square of 1-morphisms ‘—>’ commutes, it is not a Cartesian square, and so 
Theorem ESI does not apply. 

To get round this, define ^ to be the fibre product stack of the bottom left 
corner of (P|l. Since the outer square of (P|l commutes, there exist 1-morphisms 
TTi, 772, in I28II unique up to 2-isomorphism, such that 12811 commutes, and the 
bottom left quadrilateral is a Cartesian square. We can then add maps ‘—in 
m- The bottom left quadrilateral of m commutes by 0, and the central 
triangle by ©■ It remains only to show the right hand triangle commutes. 

We may justify this as follows. Points of j?(IK) may be naturally identified 
with isomorphism classes of quadruples {X, S, T, U), where X G A and S,T,U C 
X are subobjects of X with S,...,X/U G A, such that X = S' 0 T. An 
isomorphism f : {X, S,T,U) —> {X', S'^T',U') is an isomorphism f : X ^ X' 
in A such that (/)(S) = S', <(>(T) = T', fill) = U'. Then 7ri,7r2 act on jJ(IK) by 

(^i), : [(X, S, T, U)] ^ [(X, S, T)] and (^2)* : [(X, S, T, U)] ^ [(X, U)], 
where we identify [{a, i, tt)] G AI({1, 2}, •)_a and [(cr', t', tt')] G AI({1, 2}, with 

[(a({l, 2}), .({!}, {I, 2}) : a({l}) ^a({l, 2}), 7({2}, {I, 2}) : a({2}) ^a({l, 2}))], 
and [(cr'({l, 2}), t'({l}, {1,2}) : cr'({l}) ^ cr'({l, 2}))] respectively. 


There is a closed substack 0 of jj such that f ^ 0 is a 1- 

isomorphism. A point [(X, S, T, I/)] G S'(IK) lies in 0(K) if and only if 17 = 
(SnC7) ©(TnC/). Here, since X = S©T we have (S C C/) 0 (Tn 17) C 1/ C X, 
but it can happen that (S C 17) 0 (T n 17) 7 ^ JJ. To understand this, consider 
the case in which S, T, U are vector subspaces of a vector space X. 

Write CF(0),CF(3'\ 0) for the subspaces of CF(5^) supported on 0(K), 
S'(K) \ 0(K) respectively. Then CF(5') = CF(0) © CF(5' \ 0), so it suffices to 
show the two triangles 


CF(OT(/,:<)^) 


CF(0) 


(^ll 


CFStk(Q(j^^^ 


^CF(OT({1,2}, 


•)a) 


CF(5\0) 

CF=“‘(7r() 


CF(OT(7,^)^) 


{1.2},<.m)) 


CF(OT({1,2},.)^) 


(29) 


commute. As f 0)^ ^ 0 is a 1-isomorphism we have f* = CF’**^((/) ^) 

on CF(0), so the left triangle commutes by 12)). 
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In the right triangle, cj)* = 0 as each / S CF(U \ 0) is zero on 0(K) = 
We shall show CF®*’'(7ri) = 0 too. Let [{X, S,T,U)] G 5^(K) \ 
0(]K), so that (tti)* : [{X, S,T,U)] [(W, T)]. We have stabilizer groups 

Isok{[{X, S,T,U)]) = Aut{X, S,T,U) and Isoik([(X, 5, T)]) = Aut(X,5,r) in 
Aut(X). Thus Definition 12.41 yields 

([{X, T, U)]) = x(Aut(X, T)/ Aut(X, T, [/)). (30) 

As X = S' © T there is a subgroup {ids +QfidT : a G K \ {0}} = in 
the centre of Aut(X, S, T). Since 17 7 ^ (S fl C/) © (T n C/), it is easy to see this 
group intersects Aut(X, S, T, U) in the identity. Thus acts freely on the left 
on Aut(X, S, T)/Aut(X, S, T, 17), fibring it by orbits. But x(K^) = 0, so 
properties of x show that ruTn ([(X, S, T, 17)]) = 0 in CT . Definition in then 
shows that CF®*'^( 7 ri)/ = 0 for all / G CF(3' \ ®). Hence the right triangle in 
commutes, and thus m commutes, and A is multiplicative. 

By Proposition to show CFf}n(Db)^) is a bialgebra it remains only to 
verify some compatibilities [9, §1.1.3] between the unit (5[o] and counit e, which 
follow from the easy identities e((5[o]) = 1 , A5[o] = (5[o] © (5[o] and (/ = 1 = g)([ 0 ]) = 
/([0])g([0]) for all /, 5 G CFfin(i3bi^). This completes the proof. □ 

We can determine A, e on the subspace CF]?f (Dbj^). 

Lemma 4.18. If / G CF]7f (Db)^) llien A/ = /© (5[o]+(5[o]©/ and e(/) = 0. 

Proof. If X G 7l is indecomposable then (t({1, 2})*([X]) C A4({1,2},*)^ is 
two points ((tr, i, tt)], [(ct', t', tt')], where cr({l}) = cr({l, 2}) = X, cr({2}) = 0 and 
cr'({ 2 }) = cr'({l, 2 })=X. Thus A Six] = S[x] © (5[o] + ^[ 0 ] © <5[x] by 
(P)l. proving the first equation as such form a basis for CF]7f (Dbj^). Also 
c(/) = /([O]) = 0 as / is supported on [X] for X indecomposable. □ 

Let g be a Lie algebra. Then as in Joseph [9, §1.2.6], the universal enveloping 
algebra U (g) has the structure of a bialgebra with comultiplication A and counit 
e satisfying Ax = l©x + a:©l, e{x) = 0 for all x G g C 17(g). Since g generates 
17(g) as an algebra, A, e are determined on the whole of 17(g) by their values on 
g. So we deduce: 

Corollary 4.19. In Proposition EH 4>fin is an isomorphism of Q-bialgebras. 


When we try to make CF(Dbj^) into a bialgebra in the same way, without 
assuming finite support, we run into the following problem: if we use spaces 
CF(- • •) rather than CFfin(- • •) in ll^ then 'k is injective, but generally not 
surjective. Thus does not exist, and A in is not well-defined. 

There are two natural solutions to this. The first is to omit in , so 
A maps CF(Db)^) —> CF(DbjxxDbj^), where we regard CF(Dbj^xDbj^) as 
a topological completion of CF(Db)^) © CF(Db)^). Then the proof of Theorem 
ET7I works with few changes, but what we get is not strictly a bialgebra. 
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The second is to restrict to a subalgebra H of CF(Dbj^) such that ll^ yields 
a well-defined comultiplication A : H ^ Ti^TL. That is, as 'h is injective, is 
well-defined on Im d>, so (EHll makes sense if CF®*’'(cr({l}) X(T({2}))o(cr({l, 2}))* 
maps 7i Im^'. We take this approach in our next theorem. 

Theorem 4.20. Let Assumption \y.4\ hold, C C CF™'^(Dbj^) be a Lie subalge¬ 
bra, and Tic the subalgebra of CF(Dbj^) generated by C. In particular, C can 
he the Lie subalgebra generated by functions supported on points [X] for X € A 
simple, and then He = C, the composition algebra of EH 

Then (I2till yields a well-defined comultiplication A : Hc^Hc®Hc, where 

4- : CF(Dbjx) ® CF(Dbj^) ^ CF(Dbj^ x Dbj^) (31) 

is injective and '1'“^ defined on Irn'k, and e : / >/([O]) defines a counit e : 

Hc—>‘Q, which make He into a cocommutative bialgebra isomorphic to U{C). 

Proof. First we show A is well-defined. Changing our point of view, omit 
from (EHll so that A maps CF(Dbj^) —> CF(Dbj^xDbj^) and is well-defined, 
and regard 'I' in m as an identification, so that CF(Dbjyi)(8)CF(Db)^) becomes 
a vector subspace of CF(Dbj^ x Obj_ 4 ). Then we must prove that 

^{He) CHe<S)HeC CF(Dbj^) ® CF(Dbj^) C CF(Dbj^ x Dbj^). (32) 

The proof of Theorem l4.17l still shows that A is multiplicative with respect to 
the natural product on CF(Dbj^xDbj^), which is essentially the right hand col¬ 
umn of llTTll . Furthermore, the subspaces He ®He and CF(£)bj^) ® CF(Dbj^) 
are closed under this product, which equals *(8)* upon them. Let /i, ...,/„€ T. 
The proof of Lemma Km shows that A/* = fi® d[o] + d[o] ®fi in He <8 He, so 
by multiplicativity of A we have 

A(/l * ■ ■ ■ * fn) = (/l® <5[0]+ <5[0](8 /i)(=I= 8 *)•■•(* 8 *){fn® <5[0]-l- (5[0]8/„). 

Thus A(/i * • • • * /„) lies in He ® He- As He is spanned by such fi* - ■ fn 
and (5[o], and A (5[o] = djg] ® <^[ 0 ] G He 8 He as in Theorem 14. 171 we have proved 
and A : He He 8 He is well-defined. The proof of Theorem 14.171 now 
shows He is a cocommutative bialgebra. Finally, ProDOsition l4.14l shows that $ 
in iCTi restricts to an injective morphism Lf{C) CF(Dbj^), which has image 
He- Hence He — U{C) as an algebra, and the isomorphism of bialgebras follows 
as in Corollary 14. 191 □ 

As in [9, §1.1.7], a Hopf algebra is a bialgebra A equipped with an antipode 
S ■. A ^ A satisfying certain conditions. If a bialgebra A admits an antipode S, 
then S is unique. Now for g a Lie algebra, C/(g) is actually a Hopf algebra [9, 
§1.2.6]. Therefore in the situations of ProDOsition HT?^ and Theorem l4.2()l there 
must exist unique antipodes S : CFf}n(Db)^) ^ CFfin(Dbj^) and S : He He 
making the bialgebras into Hopf algebras. 

However, there does not appear to be a simple formula for S in terms of con- 
structible functions. (The most obvious answer, that (5'/)([X]) = (—1)*^/([X]) 
if X G A has k indecomposable factors, does not work.) So we shall not try to 
determine the antipodes S. 
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4.8 Other algebraic operations from finite posets 

We define a family of multilinear operations on CF(Dbj^). 

Definition 4.21. Let Assumption Id . 41 hold and (I, be a finite poset. Using 




Ui 


’■(W) 




<i) 




define a multilinear operation : Hie/ CF(Dbj^) —> CF(Dbj^) by 

: * e /) = CF^‘'^(^(/))[ae7'T({^})*(/,)], 

which exists as cr{I) is representable, fliG/ '^({^}) finite type by Theorem 13.61 

This generalizes Definition l4.ll as Paun, s:)(/i) / 2 ) = /i*/ 2 - In this notation, 
Theorem lOl shows * is associative by proving that 

-P({i. 2 }.<) (F’({i, 2 },<)(/i,/ 2 ),/a) = P{{i,2,3},i){fi, f 2 , fs) 

= P({i,2}.<i) (/i, ^’({i, 2},<)(/2, /a)) ■ 

Here is a generalization, which shows that if we substitute one operation 
into another we get a third P(i,^)- It is a constructible functions version 

of the notion [12, Def. 5.7] of substitution of configurations. 

Theorem 4.22. Let Assumption hold, (J, <), (AT, <) be nonempty finite 
posets with J A K = ik, and I G K. Set I = JU {K \ {Z}), and define on I by 


i<j fori,jGlif 


hj e J, 

i<j, 

1<J, i&J, j &K\ {Z}, 
i<l, iGK\{l}, j G J. 


Let fj '■ j G J and : k G K \ {1} lie in CF(Dbj^). Then 

P(i.<){fj '■ j ^ 9k ■ k G K \ {Z}) = 
P(K,<){P(j,<)(.fj ■ j & J)h gk ■ k G K \ {Z}). 


(34) 


Proof. Define : I ^ K hy cj){i) =liii G J, and (j){i) = i\ii £ Ar\{Z}. Consider 
the commutative diagram of 1-morphisms, and the corresponding diagram of 
pullbacks and pushforwards: 
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((nj6j'^({i}))x 
Hfcejxj idobj^)* 


(Hi 


^({i}))* 


(S(/,^.J)x 
Hfcg/xj o-({fc}))* 

CF(OT( J, <)^ XjDbj^) -^ CF{m{I, ^)a) 

CF=‘''(,T(J)xnfee/\jidobj^) 


CF‘’*X(o.(/)) 


( 36 ) 


CF(Dbj^xnfcg,\Pbixi)- ^ CF{m{K,<)A) CFiObjA) ■ 

(<x({ 0 )xnfce/\j<x({fc}))* CF= 

Calculation shows that (IMI) holds provided ll5^ commutes. The proof of this is 
similar to that for (I14II in Theorem 14.31 By [12, Th. 7.10] 


mj, <)a -—- ni, ^)a 

- m{K, <)a 

is a Cartesian square, so the square in (1^ is Cartesian, and the square in 
commutes by 0 . We leave the details to the reader. □ 

Applying the theorem and induction shows that any multilinear operation 
on CF(Db)>t) obtained by combining operations P(j,<) is of the form P(i,^) for 
some poset (7,^). For instance, the posets ({1,2},*), ({1,2,3},») of Definition 
Km and Theorem Km give an analogue of 

7){i,2},.)(7’({i,2},.)(/i5/ 2 ))/a) = 7 ’({i,2,3},.)(/ij/ 2 )/a) 

= 7’({i,2},.)(/i, T’({i, 2 },.)(/ 2 , /a))- 

This shows that F’({i, 2 },.) gives an associative, commutative multiplication on 
CF(Dbj^), different from *. 

Often the operations P^i,^) map Hie/^ CFfi„(Db)^), which 
holds for (/,•), for example. Now Theorem 14.221 implies that Ringel-Hall al¬ 
gebras 77 admit many extra algebraic operations which generalize mul¬ 

tiplication *, and satisfy many compatibilities. It is an interesting question 
whether these operations may be useful tools in studying algebras which occur 
as Ringel-Hall algebras, such as certain [/(g). See Remark 14.241 below on this. 

Combining the ideas of Definitions 14.41 and Km we may also define P(/,^) : 
Hig/LCF(Dbj^) —> LCF(Db)^), satisfying the analogue of Theorem 14.221 


4.9 Examples from quivers 

Let F be a Dynkin diagram which is a disjoint union of diagrams of type A, D or 
E, and g be the corresponding a finite-dimensional semisimple Lie algebra over 
Q. Then we have a decomposition g = n+ © f) © n_, where 1) is a Cartan subal¬ 
gebra, and the nilpotent Lie subalgebra n+ is a direct sum of one-dimensional 
subspaces indexed by the set $+ of positive roots a of g. 
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Gabriel showed that ii Q = {Qo, Qi, b, e) is a quiver with underlying graph 
r, then isomorphism classes [y] of indecomposable representations V of Q are in 
1-1 correspondence with a € $+. Later, Ringel [23] used Ringel-Hall algebras 
over finite fields to recover the Lie bracket on n+ on the vector space spanned 
by such [V]. Here is a constructible functions version of this, adapted from 
Riedtmann [21] and Frenkel et al. [5, §4]. 

Example 4.23. Let g = n+ © f) ©n_, L and Q be as above. Set A = mod-KQ, 
the abelian category of representations of Q over K, and define K (^) = 
as in [12, Ex. 10.5]. Then Assumption 13.41 holds by [12, §10]. Also Gabriel’s 
result implies all constructible sets in Gbj _4 are finite, so GF(Dbjniod-KQ) = 
GFgn(Gbjmod-KQ) and Assumption 14. Ill holds automatically. 

Now Riedtmann’s Lie algebra L{fCQ) ©z Q of [21, §2] coincides exactly with 
the Lie algebra GF™‘^(Dbjmod-KQ) = CFjljf (Dbjmod-Kg) defined in H4.4I above 
when K = C. So [21, Prop., p. 542] gives an isomorphism of Lie algebras 

CF'^^(ObUod-KQ) = CFjgf (Dbj„,od-KQ) = n+. 

Proposition 14.1 51 and Gorollarv 14.101 thus yield an isomorphism of bialgebras 

CF(Dbj 

mod- Kq) — CFfin(i3bjniod-KQ) — (37) 


Remark 4.24. We define d : Hig/CF(Dbjniod-KQ) ^ CF(Dbjniod-KQ) for 
each finite poset (/, in >14.81 which by (EZI) yield operations on G(n+) 

generalizing multiplication, and satisfying various compatibilities. The author 
does not know if these on t/(n+) are good for anything. 

However, we can say one thing: in general they depend on the choice of 
orientation on F used to make Q. For example, if F is A 2 : • — •, then calculation 
shows that the two possible choices • ^ • and • ^ • for Q give different answers 
for P({i, 2 },.) on f7(n+). So the on U{n+) do not seem to be canonical. 

We generalize Example 14. 231 to affine Lie algebras and Kac-Moody Lie alge¬ 
bras, based on Lusztig [19, §12] and Frenkel et al. [5, §5.6]. 

Example 4.25. Let F be a finite undirected graph with vertex set Qo and no 
edge joining a vertex with itself, and let g be the corresponding Kac-Moody 
algebra over Q, as in Kac [15]. Then g is a Q-Lie algebra with generators 
SiTfijhi for i S Qo, which satisfy certain relations. It has a decomposition 
g = n+ © [) ® n_, where n+, n_, f) are the Lie subalgebras of g generated by the 
Ci, the fi and the hi respectively, and t) is abelian, the Gartan subalgebra. 

Let <5 be a quiver with underlying graph F, and without oriented cycles. 
Take A — mod-KQ, and define K{A) = as in [12, Ex. 10.5]. Then 

Assumption 13.41 holds by [12, §10], but in general Assumption 14.111 does not. 
There is up to isomorphism one simple object Vj S mod-KQ for each i S Qo- 
Write £ for the Lie subalgebra of GF(Dbjniod-KQ) generated by the isomorphism 
classes of simples for i S Qo- Then the subalgebra of CF(Dbjmod-KQ) 
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generated by C is the composition algebra C, and there is an isomorphism of 
bialgebras U{C) = C by Theorem 14.201 

There are now natural identifications between the algebras CF (D bj mod-KQ) 
above and Af(fd) in Lusztig [19, §10.19], and between their complexification 
and L{Q) in Frenkel et al. [5, §2.2]; and between the algebras C above and 
7Vlo(f2) in Lusztig ]19, §10.19]; and between the Lie algebras C C above and 
n*((5) in Frenkel et al. ]5, §2.2.5]; except that Lusztig uses the opposite order of 
multiplication to us, as in Remark lO 

From Lusztig ]19, Prop. 10.20] (which he attributes to Schoheld), there is 
a unique algebra isomorphism C = U{n+) identifying the generators of C 
with the generators Ci of n+ for i £ Qq. This implies an isomorphism of the Lie 
subalgebras C and n+ of C and t/(n+). 

When F is an affine Dynkin diagram, this isomorphism £ = n+ also follows 
from Frenkel et al. ]5, Cor. 5.6.27]. They also describe ]5, §5.6] the isomor¬ 
phism classes of indecomposables in mod-KQ, and ]5, Cor. 5.6.30] they define C 
explicitly as a subspace of CF]l]f (Dbjmod-iKQ)- 

We return to these examples in ii5.4l 


5 Stack algebras 

We now develop analogues of the Ringel-Hall algebras CF(Dbj^) of 21 in which 
we replace constructible functions by stack functions, as in a and inn We 
call the corresponding algebras stack algebras. Throughout this section K is 
an algebraically closed field of arbitrary characteristic, except when we specify 
characteristic zero for results comparing stack and constructible functions. 


5.1 Different kinds of stack algebras 

Following Dehnition EH we define a multiplication * on SFfDbi il. 

Definition 5.1. Suppose Assumption ld.dl holds. Using the 1-morphism diagram 


Dbj^ X Dbj^ ■ 


r({l})x<T({2}) 


im({l,2},^)^. 


>■({ 1 . 2 }) 


■£lbj^, 


define a bilinear operation * : x ^ by 

f *g = 2})* [((t({1}) X o-({2}))*(/ » g)], (38) 

using operations ,(()*, 0 from ^2.31 Here (cr({l}) x cr({2}))* is well-defined as 
<t({1}) X(t({2}) is of finite type bv Theorem l3.6r ci. As (t({1,2}) is representable 
by Theorem l3.6r bL the restriction maps * : SF(Ob)^)xSF(Dbj_ 4 )—>SF(Dbj^), 
that is, SF(Dbj^) is closed under *. 

If Assumption 12. Ill holds. 13811 defines multiplications * on SF(Dbjyi, T, A), 
^,SF(Db)^,T,A), ^,SF(Db)^,T,A°) and SF(Dbj^, 0, U). Write j[o] G 
SF(Dbj^),..., SF(Dbj^, 0, U) for 6c in Definition 12.71 with C = {[0]}. Then 
5[o] = ](SpecK, 0)], where 0 : SpecK—>Dbj^ corresponds to OgA. 
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Here is the analogue of Theorem 14.HI 

Theorem 5.2. If Assumvtions [¥111 15’.4| hold SF. SFfDbi 4 ). SF(Dbi yi. T. A). 

..., SF(Dbj^, 0, H) are algebras with identity (5[o] and multiplication *. Also 

:SF(DbM)^CF(DbM), : SF(Obj^, T, A°)^CF(DbM), 

and :SF(Dbj^,0,H)^CF(Dbj^) 

are morphisms of ^-algebras when charK = 0 and is defined. 

Proof. To show * is associative on ^(Dbj^) we follow the proof of Theorem l4.HI 
replacing CF(- • •) by ^(- • •), using Theorem 12.111 to show the analogue of m 
commutes. To show 5[o] is an identity on we can copy Theorem 14.HI 

or note that 5[o] = [(SpecK,0)] and show directly that [(SpecK,0)] * [(IH, p)] = 
[(IH, p)] by constructing an explicit 1 -isomorphism 

'I • ^ ^ (Spec IK X lH)oX( 0 ,Obj^ x ^).4 

with 2 })o 7 r 2 ,t({i, 2 }.^)^°* 2-isomorphic to p. Thus is a Q-algebra. 

Also SF(Dbj^) is a Q-subalgebra as it is closed under *. The arguments for 
^(Dbj^, T, A),..., SF(Dbj^, 0, H) are the same. 

To prove 123 ) are K-algebra morphisms, note that (5[o] = ''Dbjxi(^[o]) and 
’’’ObjA ° ''ObjA is the identity by Definition 12.71 so ^(5[o]) = i5[o]. For the 
’^Obj^ case, Trgk ^(/ * g) = 7 rg^j^(/) * Trgk ^( 5 ) follows from equations 113, 
1221 ) and Theorem 12 . lOl bl. Id. The cases are the same. □ 

It is easy to show by example that tobj^ : CF(Dbj>t) ^ SF(Dbjxt) is not 
in general an algebra morphism, as the 65 do not commute with pushforwards. 
We will need the analogues of the P(.i,<) of Sil in ^ 5.21 so we define them now. 

Definition 5.3. Let Assumptions 12 . 1 II and IH . 4l hold and (/, be a finite poset. 
Define a multilinear operation ■■ ^SF(i:i&ixt) on ^(Dbj^) 

(or on SF(Dbj^, T, A), SF(i3bj^, f, A), SF(i3bixt, T, A°), or SF(Dbjx, e, H)) by 

P(,.x)(/i : * e /) = <T(/)4(ae7 'T({^}))*({g),g, /,)], (40) 

using 1-morphisms from 31l(/, Since ct[I) is representable, SF(Dbj^) and 
SF(Dbj^, =b) are closed under P(i,^). Also F’({i, 2 },<) is * in Definition 15.II 

Here is the analogue of Theorem l4.22l proved as for Theorem 15.21 

Theorem 5.4. Let AsswmMions VA. ll\ a,nd HD hold and (>/, 1 $), (A', <), Z and 
(7,^) be as in Theorem Let fj : j G J and gj. : k G K \ {Z} lie in 

SF(Dbj^) or SF,^(Db)xtj *)• Then (IH4II holds in the same space. 

Now apart from ^(Dbj^,T, A) these algebras are all inconveniently large 
for our later work, and we will find it useful to define subalgebras SFai(Dbjxi), 
SFai(i5bj^, *, =b) using the algebra structure on stabilizer groups in Db)^. 
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Definition 5.5. Suppose Assumptions 12.111 and 15.41 hold, and [(91, p)] be a 
generator of SF(Dbj^). Let r £ 91(K) with /9*(r) = [X] £ Dbj^(K), for X £ A. 
Then p induces a morphism of stabilizer K-groups p* : Isok(c) ^ Isok([X]) = 
Aut(X). As p is representable this is injective, and induces an isomorphism of 
IsoK(r’) with a K-subgroup of Aut(X). 

Now Aut(X) = End(X)^ is the K-group of invertible elements in a finite¬ 
dimensional 'K-algebra End(X) = Hom(X, X). We say the [(91, p)] has algebra 
stabilizers if whenever r £ 91(IK) with p*(r) = [X], the K-subgroup p*(lsoK(r’)) 
in Aut(X) is the K-group of invertible elements in a K-subalgebra A in 
End(X). (Here when X = 0 we allow End(X) = {0} as a K-algebra.) 

Write SFai(Dbj^), SFai(£)y^,T, A), SFai(Db)^,T, A°), SFai(Db)^, 0, H) for 
the subspaces of SF(Db)^), SF(Db)^, T, A), SF(£)b)^, T, A°), SF(Db)^, 0, H) 
respectively spanned over Q, A, A° or ft by [(91, p)[ with algebra stabilizers. 

One of the relations [11, Def. 5.17(iii)] defining SF(Dbj^, *, *) mixes [(91, p)] 
with and without algebra stabilizers, so SF(i)b)x, *, *) can contain expressions 

Ci[(91i, Pi)] in which [(91i, pi)] does not have algebra stabilizers. Propositions 
o and 15.81 are tools for getting round the problems this causes. Also, iob]^ in 
Definition vm maps CF(Dbj^) ^ SFai(Dbj^), as it involves [(91,p)] with p an 
inclusion of substacks, so the condition above holds with A = End(X). 

Proposition 5.6. SFai(Dbj^) and SFai(t9b)^, *, *) are closed under * and con¬ 
tain (5[o], and so are subalgebras. They are also closed under the 

Proof. When [(cr, t,7r)] £X1({1,2},<)^ the stabilizer group maps 

cr({l, 2})* : Aut((cr, t, tt)) Aut(cr({l, 2})), 

(cr({l} X cr({2}))* : Aut(((T, i, tt)) ^ Aut((T({l})) X Aut((T({2})) 

are the restrictions to K-groups of invertible elements of K-algebra morphisms 
End((cr, t, tt)) — > End((T({l, 2})), End((cr, t, tt)) — > End(cr({l})) x End(cr({2})). 
Using this and fibre products of K-algebras, we find SFai(Dbj^) is closed un¬ 
der *. Replacing ({1,2},^) by (/, ^) we also see SEai(Dbj^) is closed under 
P(f,^). It contains j[o] as ^[o] = iobjA(^[o]) and (■obu maps to SFai(Dbj^). The 
arguments for SFai(i)b)^, *, *) are the same. □ 

Now much of [11] involves taking [(91, p)] with 91 = \V/G] and then making 
linear combinations of [{\W/H\, p o for certain K-subgroups H C G and 

iL-invariant K-subvarieties W C V. If [(91, p)] has algebra stabilizers, for a 
general 1-isomorphism 91 = [U/G] these [{[W/H], poifi^’^)] may not have algebra 
stabilizers, which is why [11, Def. 5.17(iii)] mixes [(91, p)] with and without 
algebra stabilizers, as we said above. 

The next two propositions construct special 1-isomorphisms 91 = [U/A^] 
such that the [{[W/H],p o automatically have algebra stabilizers. Using 

these we can do the operations of [11] within SFai(Db)^) and SFai(l9bj^, *, *). 

Proposition 5.7. Let S C Dbj^(K) be constructible. Then there exists a 
finite decomposition S = Ujgii?z(K), where is a finite type 'K-substack of 
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ObjA, o-nd 1-isomorphisms = [Ui/Af^], for Ai a finite-dimensional M.-algebra 
and Ui a quasiprojective K-variety acted on by Af, such that if u £ Ui{K) 
projects to [X] £ C Dbj^(]K) then there exists a subalgebra Bu of Ai 

with Stab^x (u) = and an isomorphism = End(X) compatible with the 
isomorphisms Stab^x (u) = Isok([X]) = Aut(X). 

Proof. A result of Kresch [17, Prop. 3.5.9] used in [10,11] shows an algebraic 
K-stack can be stratified by global quotient stacks if and only if it has affine 
geometric stabilizers. Applied to S' C Dbj^(IK), this yields a finite decompo¬ 
sition S = Uigi,for K-substacks of Dbj^ with = [Ui/A^] for Ai 
a finite-dimensional K-algebra which we may take to be GL(TOi,]K), and Ui a 
quasiprojective K-variety acted on by Af. 

Kresch [17, p. 520] uses affine geometric stabilizers to find a vector bundle 
acted on by a group scheme. In our case we know more: the stabilizers are of 
the form Aut(X) = End(X)^ for finite-dimensional algebras End(X). Putting 
this into the argument we can take the group scheme action to be the restriction 
of an algebra representation of an algebra scheme. The proposition follows. □ 

Proposition 5.8. Let [(91, p)] £ SF(Dbj^) and use the notation of Proposition 
|5.7| with S — p*(9l(K)). Then [(91, p)] = Pi)] iiihere Yi is a 

quasiprojective K-variety and pi : \Yi/Af] ^ Gbjyi is induced by an Af- 
equivariant morphism (fi : Yi ^ Ui, under the 1-isomorphism — \Ui/Af]. 
Moreover [(91, p)] has algebra stabilizers if and only if Stab^x( 2 /) = Cy for 
some subalgebra Cy C A;, for all I £ L and y £ y;(]K). 

Proof. Let ■ Ui ^ C Dbj^ be the natural projection from S'; — Wi/Af]. 
As 91, Ui are finite type and p is representable, Zi = p.ob)A,T^i ^ finite type 
algebraic K-space, with an action of Af. Thus there exists a finite decomposition 
Zi = Ojg/j Zl for -invariant quasiprojective K-subvarieties Zfi Define Yj to 
be the scheme-theoretic disjoint union of the ZI for i £ fi. 

By our convention in 30 that K-varieties need not be irreducible, nor con¬ 
nected, Yi is a quasiprojective K-variety, acted on by Af. Let :Yi^Zi be 
the obvious morphism and : Zi ^ IR, ttui '. Zi ^ Ui the projections from 
the fibre product. Then and ttjr o ttz, are -invariant and so push down 
to 1-morphisms 7r(^ : [ZijAf ] ^ 91 and : [YijAf ] —» 91. Define pi = poTi'fy. 
and (/); = 'Kjj^ o TTZi. It is now easy to see that 

p)] = ]> p °]. pO], 

since 7r(^ embeds [Zi/Af\ as the K-substack of 91 over 5^;, and [Zi/Af\ and 
\Yi/Af] split into the same pieces [Zl/Af] for i £ Ii. The first part follows. 

For the second part, if r £ 9t(K) with p*(r) = [X] then [X] £ S'i(K) for 
unique I £ L, and r = {'K^)i.{z) for z £ ZilJA). As (ttzJ* : yi(K) ^ ZfiK) is a 
bijection z = (tt^,)*(?/) for unique y £ yi(IK). Let u = {fii)*{y) £ Ui{K). Then 
Bf = Staby 4 ^x (u) = Aut(X) as u projects to [X], for some subalgebra C Ai 
with compatible isomorphism Bu = End(X). Now Isok( 7’) = Stab^f (p), and 
p* : IsO]K(r) ^ Isok([X]) is just inclusion Stab^x (y) C Bf as K-subgroups of 


34 


Af. Thus, [(9^, p)] has algebra stabilizers if and only if Stab^f {y) = Cy for 
some subalgebra Cy C i?„, for all /, u, y. But a subalgebra of is the same as 
a subalgebra of Ai lying in and the proof is complete. □ 

Corollary 5.9. SFai(Dbj^) and SFai(i)bj^, *, *) are closed under the operators 

of [ii, § 5 . 2 ]. 

Proof. Let [(91, p)] have algebra stabilizers, and use the notation of Proposition 
15.81 Then n^([(91, p)]) = Pi)])- The definition [11, Def. 5.10] 

of n^([([y//A;^], p;)]) gives a linear combination of [{[Wi/Hi], pi o for 

certain K-subgroups Hi C A^ and ///-invariant K-subvarieties Wi C Yi. We 
may take Ai = End(K"‘‘), and then [11, Ex. 5.7] implies the Hi appearing in 
the sum are of the form for subalgebras Bi C Ai. It easily follows that 
[{[WiJHi], Pi o has algebra stabilizers, which proves what we want. The 

n]]‘, Ily cases are the same. □ 

Combining Pror)osition l5.8l with the proof of the first part of Pror)osition l2.1 71 
we find SFai(C>bj^, *, *) are generated by [(17 x [SpecK/T], p)] as in Proposition 
12.171 with algebra stabilizers. But T = (K^)^ x K for K finite abelian can only 
be of the form B^ for a K-algebra B if 77 is trivial, giving: 

Corollary 5.10. SFai(^lbj^, T, A), SFai(i5bj^, T, A°) and SFai(Obj^, 0,12) 
are generated over A, A° and 12 respectively by elements [{U x [SpecK/T],p)] 
with algebra stabilizers, for U a quasiprojective ^-variety and T = (K^)^. 

We define projections on SFai(i9bj^), SFai(^2bj^, *, *). 

Definition 5.11. T;et Assiimntions l2.1 ll a.nd l.S.4l ho1d. Write C'(^) = ((/(TljyjO}, 
as in Definition Id. 51 Consider pairs (I, k) with / a finite set and k : I ^ C{A) a 
map. Define an equivalence relation on such (/, k) by (I, k) « {!', k!) if there 
exists a bijection i : I ^ I' with k' o i = k. Write [/, At] for the ss-equivalence 
class of (/, At). For such an [/, k] we will define projections 

: SFai(Dbj^) ^ SFai(Dbj^), 

!![/,«] : SFai(Objx, *) —*• S~Fai(i9bj^, *, =i=), 

for *, * = T, A or T, A° or 0,12, using the operators of [11, Def. 5.15]. Define 

V : {(T, [77], (p) : T a, K-group isomorphic to (K^)* xK, K finite abelian, 
[X]£Dbj^(K), (j) : T^IsO]K([77]) = Aut(X) a K-group morphism}— aQ 

by HTdX],(^) = lifT^ (KX)I^I, p is injective, and there exists a splitting 
77 = ©.e/ 77/ in A with [77/] = «(/) for all i G I, such that PiT) is the K- 
subgroup {X]/e 7 ^ Aut(X), and vlT, [77], 0) = 0 otherwise. 

This depends only on the equivalence class [/, k] of (/, k). Note too that the K- 
subgroup of Aut(77) above is A ^, where A is the subalgebra {X]/g/ ^ 

K} in End(77). Then n is an Ob] a- weight function in the sense of [11, Def. 5.15]. 
Define projections FI[/^k] on SFai(Dbj^) and SFai(C>bjx) *) *) to be the operators 
5-15]. Corollary 15.91 implies these map as in (UTll . 
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Here is what this means. The Hj/are refinements of the HJ^' of [11, §5.2], 
which project to components with virtual rank n. Now if [X] S Dbj^(K) then 
Isok([X]) = Aut(X). Maximal tori in Aut(X) are of the form • 

Xi G K.^}, where X — with 0 ^ indecomposable. Thus the rank of 

Isok([A]) is the number of indecomposable factors of X. 

Now [(91, p)] G SFai(Dbj^) also has stabilizers of the form for subal¬ 
gebras A C End(A), so we can treat A as like End(y) for some ‘object’ Y, 
and rkA^ as the ‘number of indecomposables’ in Y. As the H” project to 
components with ‘virtual rank’ n, and in SFai(Obj^) we equate rank with num¬ 
ber of indecomposables, so on SFai(Dbj^) we should think of H]]' as projecting 
to stack functions supported on objects with n virtual indecomposable factors. 
That is, the idea of ‘virtual rank’ in SF(5’) translates to ‘number of virtual 
indecomposables’ in SFai(Dbj^). 

Each X G A splits as A = Xi with 0 ^ A^ indecomposable, uniquely 
up to bijective changes of indexing set I and isomorphisms of Xi. Defining 
K : I ^ C{A) by K{i) = [A^j, we see that the equivalence class [/, k ] depends 
only on [A], and A has |/| indecomposables. In the same way, the project 

to components whose virtual indecomposables are of equivalence class [/, k]. 

Proposition 5.12. In the situation above o-n-d Hj/ kjHjj;,] = 0 

if [I,k] [J, A]. Also, if f G SEai(Dbj^) or SFai(i3bjx, *, *) then 

/= E %,,](/) and n][H/)= E %.-](/)^ (42) 

eq. classes eq. classes [/,«] : \I\ — n 

where the sums make sense as only finitely many Hj/(/) are nonzero. 

Proof. The analogue of [11, Th. 5.12(c)] for the Hj says that o . 

If are the Dbj^-weight functions defined in Definition 15.111 using [/, k] 

and [J, A] then is vi if [I,k\ = [J, A] and 0 otherwise, so the first part 
follows. For the second, let [(91, p)] have algebra stabilizers, use the notation 
of Proposition IHin and define n[/^K]([([A;/A)^],p;)]) using [11, Def. 5.15]. This 
gives a finite sum over subtori P, Q, R in A^ with (K^ = R C PnQ of a term 

involving the subset (Yi)^’f^ of y G y]^(]K) such that R induces a decomposition 
of type [I, k] of the image point in Dbj^(K). 

Each y G ^(^(K) induces such a decomposition for a unique [I,k], and the 
map y [/, k] is constructible, and so realizes only finitely many [J, k] on 
Yi^(K). Hence ([([Fj/Af],p;)]) 0 for only finitely many [I,k], proving 

the last line. Summing over all [/, /t] yields a sum over P, Q, i? of a term involving 
the whole of y]^(K). Comparing with [11, Def. 5.10] and using [11, Th. 5.12(a)] 
gives E[7.«]n[z,.]([([F;Mr],p0]) = n\[{[Yi/Af],pi)]) = [{[Yi/Af],pi)]. Re¬ 
stricting to |/| = n fixes dimi? = n, and the sum reduces to n]('([([yi/A)^], p;)]). 
Equation follows. □ 

The Hp^^] are also defined on SF,SF(Dbj^) and SF(Dbj^, *, *) with 
Hp k] =np^K] and Hf/^^jHfjp] =0 if [/, k] ^ [J, A], but on these larger spaces 


36 


does not hold. Using ProDOsition l2.17l and Corollarv l5.1()l we can show 

^^eq. classes [/, k-] : SF(Dbj^, *, *) ^ SF,i(Dbj^, *, *) 

is a surjective projection. But the same is not true for SF(Dbj^), SFai(Dbj^). 

5.2 The Lie algebras SFa^^(Dbjyi) and SFa^‘^(Dbj^, *, *) 

Next we study stack function analogues of the Lie algebra CF‘"‘^(Dbj^) of ii4.4l 

Definition 5.13. Let Assumptions 12.111 and 13.41 hold. Define SFa"'^(Dbj^), 
SF”;'i(Dbj^,T,A), SW(Dbj^,T,A°) and SW(Dbj^,0,U) to be the sub¬ 
spaces of / e SFai(Dbj^) or SFai(Dbj^, =t=, *) satisfying n5'‘(/) = /. 

We interpreted 11^' above as projecting to / ‘supported on objects with 
n virtual indecomposable factors’. So SFlJJ‘^(Dbj^), SF’JJ‘^(Dbj^, *, *) should 
be thought of as stack functions supported on virtual indecomposables, and 
are good analogues of CF‘"‘^(Dbj^). Our goal is to prove that SFa'i‘^(Dbj^), 
*; *) subalgebras of SFai(Dbjyi), SFai(Dbj^, =t=, *). To do 

this we must study the relationship between multiplication * and projections 
If", that is, express n^‘(/ * g) in terms of n"(/) and ir^{g). 

Proposition 5.14. Let T C Dbj^(K) x Dbj^(IK) be constructible. Then there 
exist a finite decomposition T = 0rn(IK), where 0^ is a finite type K- 

substaek of Dbj^xDbjyi, 1-isomorphisms 0m — [Un/Gm] for Gm a special 
'K-group and Vm a quasiprojective K-variety, finite-dimensional representations 
of Gm, and morphisms jm '■ for all m £ M, satisfying: 

(a) Let V G Im(IK) project to ([A], [F]) £0m(lK) cDbj^(K) xDbj^(K), so 

StabG,„('c) — Isok([A], [F]) = Aut(A) x Aut(F). (43) 

Then there are isomorphisms E^ = Hom(F, A) and E^ = Ext^(F, A) 
such that 63 identifies the action of Stabc^ i'o) on E^^ with the action of 
Aut(A)xAut(F) on Hom(F, A), Ext^(F, A) given by {a, P)-e = aoeop~^. 

(b) Jm maps into the centre of Gm, and jm((lK^)^) acts freely on Vm- Thus, 

in (a) 7 m maps ^ StabG„(t'). Composing this with (I43II gives the 

map {S,e) ^ (<5idx, eidy), for 6,eG 

(c) Write im ■ 0m Obj^ x Dbj^ for the inclusion 1-morphism. Then there 
is a 1-isomorphism 

0m AXObj^,(T({l})x<T({2}) 2}, = \Vm X E,^/Gm IX . (44) 

Here multiplication on Gm ix F'm (7) s) ' (7^ = i'll', e + 7 • o'), and 

Eif, acts trivially on Vm x E^, and Gm acts in the given way on Vm, Efi^. 

(d) Equation (14411 is a substack of 311({1, 2}, ^)x, so its K-points are [(ct, t, tt)] 
for ({1, 2}, ^)-configurations (a, t, tt). Let A, F, v be as in (a), and (v, e) € 
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(Vm X -E^)(K) project to [(cr, t,7r)]. Then we can choose cr({l}) = X, 
cr({2}) = Y, and e £ Ext^(Y,X) corresponds to the exact sequence 


K{1}) 


4 { 1 },{ 1 . 2 }) 


K{1,2}) 


’^({ 1 . 2 }.{ 2 }) 


K{2}) 


0. (45) 


Proof. The proof of Proposition 15.71 easily generalizes to give a finite decom¬ 
position T = 1-isomorphisms 0m — [Um/^m ^ 

Am,Bjn finite-dimensional K-algebras, such that if u G [/^(K) projects to 
([X], [y]) then Stab^^^g^(M) = Cff x for subalgebras Cu C Am, Du C 
Bm with isomorphisms Cu = End(X), Du = End(y) inducing the isomor¬ 
phism Stab^x ^gx{u) = Aut(X) X Aut(y). 

The functions ([AT], [T]) i-^ dimHom(Y,Ar) or dimExt^(Y,X) are locally 
constructible on (Dbj^ x Dbjyi)(IlC), and so take hnitely many values on T. Re- 
hning T = make dimHom(y, AT), dimExt^(y, X) con¬ 

stant on each 0m(lK)- Refining further, Hom(y, AT),Ext^(Y, A") are the hbres 
over ([X], [Y]) G ©m(lK) of vector bundles over 0m, in the stack sense. These 
pull back under the projection Um 0m to vector bundles £m,£m over Um, 
with fibres K-vector spaces E^,E^, and the x R^-action on Um lifts to 
actions on £^,£^ preserving the vector bundle structure. 

Define Vm to be the quasiprojective K-variety of triples {u,a^,a^), for u G 
17m(IK) and a* : {£m)v Em vector space isomorphisms between the fibre of £m 
over u for i = 0,1 and Em- Then Ym is a principal bundle over Vm with structure 
group Aut(if)(j) X Aut(if^), and the A^ x Rm'^'Ction lifts to Vm and commutes 
with the Aut(i?))j) x Aut(if,(j)-action. Define Cm = x B^ x Aut(if))j) x 
Aut(Em), which is special as it is a product of groups of the form A^ for hnite- 
dimensional algebras A. It acts on Vm with [Vj„/Gm] — [Um/Am x Bm] = 0m- 
Define actions of Cm on Em for i = 0,1 by (a, 6,/3°,/3^) • e* = /3*eb It is now 
easy to see that (a) holds for Vm , Cm ■ 

For (b), define jm{5,e) = (^id^^, eid_B,„, id^;^, id^^). This is 

clearly a K-group morphism to the centre of Gm- If = (u,a°,Q;^) in Yn(IK) 
then Stab^x (u) = x Djj as above, and ^idA,„ G , eids^ G 
as Cu,Du are subalgebras, so (5idA„,eidB^) hxes u. The identification of 
actions in (a) then shows (i5idyi^,..., (5e“^ id^^) fixes v. Thus, jm((K^)^) 
hxes each v G I4i(IK), and acts freely on Vm- Composing with gives 
((5, e) i--> idjf, eidy), as (jidA„ = <5idc„, eids^ = eido^ are identihed with 
(5idj(:,eidY under Cu — End(Ar), Du = End(Y). 

For (c) and (d), note that the hbre of cr({l}) x (t({ 2}) : OJldl, 2}, ^ 

Dbjx X Dbj^ over ([X], [Y]) G (Dbj^ x Dbj^)(]K) is the family of [(ct, i,7r)] for 
(cr, 6 , tt) a ({I, 2}, ^)-conhguration with cr({I}) = X and cr({2}) = Y. This is 
equivalent to a short exact sequence (1^ . which are classihed by Ext^(Y, Ai). 
But as the isomorphisms X = ct({1}), Y = ct({ 2}) are not prescribed we divide 
by Aut(X) X Aut(Y), so as sets we have 

><({1.21, Ox = (Odl) X .({2))):‘((|>i.[yi)) IX 
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To describe this fibre as a stack we must take stabilizer groups into account. 
One can show that if (ED) corresponds to e G Ext^(y, X) then Aut((tT, t, tt)) = 
Hf, X Hom(y, AT), where Hf, is the K-subgroup of Aut(X) x Aut(F) fixing e. If 
([X], [F]) is the image of u G I4i(lK), we have 1-isomorphisms 

Spec IK ^ XxY,Obj X Obj ^).4 = 

[Ext^(F,X)/(Aut(X) X Aut(F)) x Hom(F,X)] = [E^/Stabc^xs^(w)] ■ 

Here Hom(F, X) acts trivially on Ext^(F, AT), but contributes to the stabilizers, 
and similarly acts trivially on Vm- Parts (c) and (d) follow by a families 
version of this argument. □ 

Corollary 5.15. Let f,g lie in SFai(Dbjxl) or SFai(Obj^, *, *), choose T C 
Dbjyi(K) X Dbj^(IK) constructible with f ® g supported on T, and use the no¬ 
tation of Proposition Then arguing as in Proposition 15.1*11 we may write 

f ® g = X^mGM, neNm [([kPmn/Gm], Tmrt)] , (46) 

where Nm is finite, Cmn G Q, A, A° or LI, Wmn is a quasiprojective K-mnety 
acted on by Gm, ond T^n ■ [bPmn/Gm] ^ ®m C Db)^ x Dbj^ is induced by a 
Gm-oquivariant morphism (pmn ■ Wmn Vm- Moreover 

{a{{l])xa{{2])y{[{\WmnlGm],Tmn)\) = [{[Wmn>^El/Gm^El],Un)] (47) 

in SF(1D1({1, 2}, ^)x) or SF(911({1, 2}, ^)^, *, =i=), where (fmn induces 

Un : [Wmn X E^/Gm X E^] [Vm X E^Gm X E^] , (48) 

using (El) to regard the right hand side of lP|) as a substack of ®1({1, 2}, ^)^. 
Combining (El . (El and (|T7|) gives 

f ^ g riGNm ^Ean [{[Wmn X E}^/Gm X (t({1, 2}) O $„„)] . (49) 


Here we have used a formula for the fibre product of quotient stacks from 
the proof of [11, Th. 4.12] to deduce (E7ll . Our next theorem, which will be 
important in [13, §8], proves a relationship between the operators H" and P(i,<)- 

Theorem 5.16. Let Assumptions and EH hold, (/, <) be a finite poset, 
k ^ 0, and f for i G I lie in SFl)['^(Db)^) or SFI)[‘^(Db)^, *, *). Then 

nr[^(x<)(/^:*G/)] = 

E E Nl,K,4>,k ■ P(i,<){fi - i ^ I) y (50) 

iso. classes surjective (p : I ^ K. 
fi^iite sets Define ^ on I by i'^j 
K, if i < j and cl>{i) = 4>{j) 

where Ni_K,<t>,k G Q depends only on up to isomorphism and k. 
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Proof. It is easy to partially generalize Proposition 15. 14r al.(b'l from ({1, 2}, 
to {I,d:) as follows. Choose T C ]^.g^Dbj^(K) constructible with fi 

supported on T. Then there exist a finite decomposition T = 
where 0m is a finite type K-substack of 1-isomorphisms ©m — 

\Vm/Gm] for Gm a special K-group and Vm a quasiprojective K-variety, and 
morphisms jm '■ (K^)^ ^ Gm for all m S M, satisfying: 

(a) Let V e Im(K) project to Hie/ [Xi\ e 0m(lK) C riiG/ Dbj^(K), so that 
StabG„(?^) = IsOKdlie/I-^i]) - OiG/(^1) 


(b) jm maps into the centre of Gm, and jm((lK^)^) acts freely on Vm- Thus, 
in (a) Jm maps (K^)^ ^ StabG„,(i^)- Composing this with (1^ gives the 
map 6 I—> OiG/ ^ ^ 

Generalizing part (c) is more tricky. Write im '■ ©m ^ riiG/ Dbj^ for the in¬ 
clusion 1-morphism. Then we can form ©m ^im.Ilie/Ot>jA.nie/<^({*1) )-4’ 

regarded as a K-substack of <).a. It is of finite type, as ©m is and 
riiG/'^({*}) i® by Theorem KLlif cl. Also SH(/, has affine geometric sta¬ 
bilizers. So using [17, Prop. 3.5.9] as in Proposition l5.7l we may write 

(©m ^im.llie/ '^(Id) —).4) (IK) = OpGPm ■^”ip(IK), 

where Pm is finite and f)mp a K-substack of 91l(/, with a 1-isomorphism 




— [hmp f Gm ^ ATmp], 


(52) 


where Ymp is a quasiprojective K-variety and Kmp a nilpotent K-group acted 
on by Gm, such that niG/'^({*}) ' ^rnp —> ©m is induced by a morphism 
'f’mp '■ Ymp Vm equivariant w.r.t. the natural projection Gm x Kmp Gm- 

The only nontrivial claim here is that we can take the quotient group in 
to be Gm X Kmp with Kmp nilpotent, rather than an arbitrary K-group with 
a morphism to Gm- When {!,<) = ({1,2},^) this follows from Proposition 
EHc) with Kmp = E^. The general case can be proved by the inductive 
argument on |/| in the proof of Theorem lti.2l be1ow. which builds up 9Jl(/, <)x 
by repeated fibre products with <t({1 }) x (t({2 }) : 911({1, 2})^ — > Dbj^ x Dbj^. 
The point of this is that as Kmp is nilpotent we can use the same maximal torus 
for Gm and Gm x Kmp, which will be important when we come to apply 11^'. 

Now we can generalize Corollary 15. 151 to write 


fi — '^meM, neNm ^'mn\{f\Wrnn/Gm\, Tmn)] , (53) 

where Nm is finite, Cmn G Q, A, A° or 12, Wmn is a quasiprojective K-variety 
acted on by Gm, and Tmn ■ [ILmn/Gm] ^ ©m C Dbj^ x Dbj^ is induced by a 
Gm-equivariant morphism tfmn ■ Wmn Vm- Moreover 


{IlzGl {[i[V'mn/Gm\,Tmn)]) = 

y~)j.G P _ [([kPmn 4'mn.,Vm,ipmp VmpfGm X Kmp], f.mnp')^ 


(54) 
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in SF(9Jl(/, <)_ 4 ) or SF(OT(/, where induces 

^mnp • [^^mn ^ <pm.n,VTn,'ipmp '^rfipj^rfi ^ -^mp] ^ [-^^p/^m ^ -^mp] ; 

using (1521) to regard the right hand side of (CT as a substack of Tl{I, 
Combining (BUI) . lO and (1^ gives 


'■ i & I) — 


m^M, 
neNm, P&P? 


C-mn [([W^n X 4>mn,Vm.-,'4’mp ^rap!Gjxi ^ Kmp], (56) 

^ ^(-f) ^ ^mnp)] • 


Since n)''(/j) = /,, we deduce from [11, Prop. 5.14(iv)] that 




(S>iG7 /j) ^ — l-^l) 

otherwise. 


(57) 


Let Tm be a maximal torus in Gm, so that x {0} = is a maximal torus 
in Gm X Kmp- Applying [11, Def.s 5.10 & 5.13] to (1^ we find that 

nr[{2).e7/z]= E CmnM^-{P,Q,R)- (58) 

m G M, n G Nm, P&V{Wmn,Tm), fCw-P m /'/OM ^,PPQ\^ 

Q&QiGm,Tm), RGlZiWmrt-Gm-Tm) ■ l\l^ mn / G GmW )\^ PmnO t- )]• 

RCPnQ, M^J^^{P,Q,R)^0, dimR = k 


Let m' £ M and R' C Tm' lie in Ti{Wm'n,Gm',Tm>) for at least one 
n £ Nm'- By [11, Def. 5.15] we can define ^Y^^^JOb)A SF(nig/Db)^) or 
SF(nig/ Db)^, *, = 1 =) with the n^g/ Dbj^-weight function v given by r{T, g, (j)) = 
1 if 0 is injective and C 1 sok(5 ) is identified with R' C Stabc^, (w) for 

some n £ Nm' and w £ Wm'n(lK) projecting to 5 £ ©m'(lK) C (Big/Dbj^)(K) 
under (5m' — [kFm'n/Gm'j, and v(T,g,(j)) = 0 otherwise. 

Applying ftn-g^obj^ projects to those components in the sum with 

m = m' and R conjugate to R' under the Weyl group W of Gm- By 
equation ISHIi is zero for k ^ |/|. So, if dimR' ^ |/| then the sum of components 
in itSSI) with m = m' and R conjugate to R' is zero. But by symmetry in IF 
each of the conjugates of R' give the same answer. Hence, for any fixed m £ M 
and R with dimi? yf |/|, the sum of components in (EHl) with these m, R is zero. 

By (b) above, jmii^^Y) lies in the centre of Gm and acts trivially on Fn, 
and we can use algebra stabilizers to show that it also acts trivially on each IFmn- 
Thus jm((IK^)^) C R for each R£TZ{Wmn,Gm:Tm)- Also, as Gm is special and 
each fi has algebra stabilizers one can show that each such i? is a torus (rather 
than the product of a torus with a finite group). And as each fi is supported 
over nonzero elements [y], as composing jm with 115II) takes S 1 -^ (5(i) idxJiG/) 
we see jm is injective. Therefore jm((IK^)^) — (K^)l^l is the minimal element of 
77-(lFmn, Gm, 7m), and the unique element i? with dimi? = jij. Bv (ICT and 
the sum of terms in ((HHIl with these m, R is J2neNm [{\WmnlGm]Nmn)] - 
As for II58I) . equation yields an expression for n^'[C/,<)(/i : f £ i)], 
but it is not in the form we want. Applying H^' to [([IFmn x^q, YmpjGm x 
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o ^mnp)] involvcs Summing over the three finite sets: 


T^i^Vmn ^Vm ^mp-i T^)Q{PnP:PG P{Wmn,Tm), P G P{Ymp,Tm)} 
Q{Gm Kmp, Tm) = {Q H Q : Q G Q{Gm-, Tm), Q G Q{Gm ^ Kmp, T-m)} 
^Vm Ymp^ Gm Kmp, Tm) G |i? H i? : i? G 'R-iyVmm Gm, Tm), 

R G RiYmp, Gm ^ Kmp, Tm)} ■ 

It follows from the proof in [11, §5] that the definition of 11^* is independent of 
choices, that if we replace P {\Ymn Ymp, Tm) by P{\Ymn, Tm) ^ P(Ymp, Tm), 
and Q{Gm ^ Kmp,Tm) by Q(Gm,Tm) ^ Q{Gm ^ Kmp,Tm), and "^(ll^mn ^Vm 
Ymp, Gm ^ Kmp, Tm) by ‘R()Wmn, Gm, Tm) ^ R'iYmp, Gm ^ Kmp, Tm) throughout 
the definition, taking (P, P) to act as P n P on Wmn x v^Ymp and so on, we get 
the same answer. But defined using these sets we easily find that 


((^> n (q, q), (r, r)) = ( p , q , r) ■ mI-” 


k.K„ 


(P,Q,R). 


This yields: 

nr[^(c<)(/i:*G/)] = 




ra^^^'^rap 

mGM, p G Pm, p 6 P{Ymp,Tm), 

Q e Q{Gm. ^ Kmp, Pm), P C P{Ymp, Gm ^ Kmp, Pm)' 
RQPnQ, mI^^^^^(P,Q,R) ^0 


c™„M^-(P,Q,P). 


E 

n G N„m, P&V(Wmp.,Pm), 

Q&Q{Gm,Pm), 

ReTliWmn,Gm,Pm)'. 

RCPnQ, M^^^{P, Q, fl)/ 0 , dimflnfi=fc 


[{[W^nXVm Yj^p/COm (Q) ^ iKmp)% 




mnp 


Oi 


PnQ,PnQ\ 


(59) 


Actually, according to the argument we gave the last term should be 

[{[W^n^ YVmY^!^^ICCm^Q n Q) K {Kmp)^^%CT{I)oimnpOi^^^^^^^)] . 

However, using [11, Lem. 5.9] we can show that for fixed P, P, Q, Q in (1^ . unless 
P, P are the smallest elements of V{Wmn,Tm), P{Ymp,Tm) containing P n P, 
and Q, Q are the smallest elements of Q{Gm,Tm), Q{Gm x Kmp, Tm) containing 
Qr\Q, then the sum of Q, R) ■ (P, Q, R) over all R, R with 

fixed P n P is zero. But if P,P,Q,Q are the smallest elements containing 
P n P,Q n Q then 1T^„ = = Y^^^, GomiQ) = CcmiQ n Q) and 

(Kmp)^ = {Kmp)^^^, by [11, Lem.s 5.4(iii) & 5.6(iii)]. So (IHIHl is correct. 

The important point about the way we have written is that the last 
line [■ • ■ ] is a sum over certain P of a linear operation applied to the terms in 
in with fixed to, P. But we have already shown that the sum of terms in 
IHHl) with fixed to, P is J2nGNm [{? '^mn )] = Jm ((K^)0, and 
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0 otherwise. This proves that 


nr [P(,,.,(/,:*£/)]= ^ 

m&M, n & Nnrn, P & Pm, r/ 

P&ViYmp,Tm), Q&Q(GmixKmp,Tm,}, [{[Wmn 
ReTZ(Ymp,Gm<XKmp,Tm) ■. RCPClQ, 

# 0 . dimjmmxy)nR=k 


^p{P,Q,R) ■ Cmn- (60) 

^Vm ''^mp !^ {Kmp)^], 
rr(/)O^mnp)] • 


Now using the argument of [11, Lem. 5.9] again, we find that unless P,Q Q 
the sum of over R of terms with these P,Q in 16011 is zero. So we 
may restrict to P,Q,R ^ jm((K^)^), and then as lies in the centre 

of Gm we may replace Gm,Tjn hy jjn{{K^y) in the definitions of P,Q,R and 
^^GZ<.KmpiP^Q^^)^ yielding: 

nr[^(u.)(/. : *e/)] = ^ (61) 

meM, n e N„m, P e Pm, p m 

P GP{Ymp, Jm{{^^)^)), |_ ( [l^mn ^ \4n K (7t".,^p) ], 

QeQ(jmm^V)>^Kn,p,3m((K^V)), ,m p N-, 

R&niYmp,Jm{(Ji'^)’)t<Kmp,JmaK^y)y. 'T’f-'jOWpjJ- 

RGPnQ, {P,Q,R) dimR = k 

- Jm((KX )^)KKmp ' ' 


Suppose that m G M, p G P^, P C j^((]K^)^) is a K-subgroup, and 
y G Fmp(IK) is fixed by P. Then y projects to [(ct, i,7r)] G with a 

commutative diagram of K-groups 


P - 

|c 


{k^Y 


'5'-^niei <5(0 idXi 


-^ Aut (cr, i, Tt) 

Hie/ <t({T). I 
riie/Aut(cr({i})). 


(62) 


Now the bottom right corner extends naturally to algebra morphisms between 
the algebras iIlzG/ End(CT({i})) and End(CT, t, tt). Let A C be the subal¬ 
gebra of generated by K-subgroup j“^(P), and C (K^)^ the K-subgroup 
of invertible elements in A. Then jm{A^) is a K-subgroup of jm((K^)^) with 
P C jjn{A^) C jjn{{K^Y)^ ^’dd it is easy to see that we can extend (IF?^ to 
replace P by jm(A^). Hence y G ymp(K) is fixed by jm{A^). 

From [11, Def. 5.3] we now see that each H G 7^(Tmp, jm((K^)^)) is of the 
form jm{A^) for some subalgebra A C K^. A related proof shows the same 
holds for each Q G Q(jm((K^)^) ix AT^p, jm((K^ )^)). Let AT be a finite set and 
(j) : I ^ K a surjective map, and define 

Ai,k, 4 > = {(5 G K^ : 4>{i) = ^{j) implies (5(i) = S{j), i,j G /}. 

Then Ai^k,<p is a K-subalgebra of K^, and every subalgebra is of this form. Thus 

iP(K„p,Jm((K^)")),Q(j™((K><)^)KiG,„p,j„((K><)^)) 

— K <f, ■ ^ finite, (j) : I ^ K surjective}. 
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It is a consequence of the proof in [11, §5] that the definition of 11^' is indepen¬ 
dent of choices, that if in ^ we replace k 

Kmp.Jmii^'^Y)), by larger finite sets 

closed under intersection, and compute using these 

larger sets, then we get the same answer for n^‘[- ■ •]. Replacing all three sets 
by {Af ^ : K finite, (f) : I ^ K surjective}, equation lICTll becomes: 


nr[Pa,<)(/* :ie/)]= ^ Mi{P,P,R)-Cmn 


mGM, n G Nnm, P ^ Pm, r/r-TiT- 
P,k G {Af ^ ^ : K finite, 

(p : I K surjective} 

RCP, Mi{P, P, R) / 0, dimH^fc 


XVmYp^p/Gmi<(K^pP], 


(63) 


Here Mi{P,P,R) is P, R) computed using : K 

finite, (j> : I ^ K surjective} in place of V, Q,TZ{- ■ and may be written 
explicitly as in iTTl) below. We have also used the fact [11, Lem. 5.9] that 
Mj{P, Q,R) = 0 unless P, Q are the smallest elements containing Pfl Q, which 
forces P — Q as P,Q take values in the same set. We may rewrite (Ol as 


nr[fic<)(/. = E E 

iso. classes of finite <p : I K 
sets K, fc^lXI^I/l surjective 

_ ^ ^ 

^ ^ ^7727^ Xy^ Enp’ ? 

mGM, nGNnm, P^Pm, 

where Nj^K,<j>,k = E 

R G {A^ ^ ^ : L finite, : / —> L surjective} : 


(64) 


(65) 


setting P = Af ^ ^ and replacing the sum over P in lICT) with sums over Tf, (j). 
The factor 1/|X|! in (I65II compensates for the fact that if i : if ^ Tf is a 
bijection then Af = Aj and there are |if|! such bijections i, so each 
A^K (j, is represented by [if |! choices of if, (j) in lIMIl . Note that Ni^K,<t,,k in 
lies in Q and depends only on i, if, (j) up to isomorphism and fc, as we want. 

Now let i, if, (j) be as in (IMIl and define a partial order ^ on i as in 15011 . Then 
< dominates ^ and we have a 1-morphism Q{I, <) : 0il(i, X)^ ^ ^).A- 

In a similar way to 1521) . we claim there is a natural 1-isomorphism 

-ftmp Xi,mp,an( 7 ,<)A,Q(/.^,<) —).4 — [^mp’^’‘^/Gm X (Tfmp)"^'’-^''^] , ( 66 ) 

where imp ■ ^mp 91i(7, ^)^ is the inclusion. To see this, observe that a point 
of the r.h.s. of (EH) is equivalent to a point [(ct, i,7r)] in i7mp(lK) C 
together with a choice of commutative diagram lIH^ in which P = 3 p{A^^ 

That is, the (/, <)-configuration (cr, t,7r) is equipped with a choice of K- 
group morphism p : A^^y^ Aut(tT, t, tt) such that OiG/ cr({fi)* °P ^ 

Aut(cr({i})) maps 6 i—> ((5(i) ido.({i}))zG/- It is not difhcult to show that 
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choosing such a p is equivalent, up to canonical isomorphism, to choosing an 
{I, ^)-improvement of (cr, t, tt), in the sense of [12, §6], and 16611 follows. Using 
(Oi and we see that the last line [■ • • ] of is 

and so (IHUl implies 15011 . completing the proof of Theorem 15.161 □ 

Write [f,g] = f * g - g * f ior f,g € SFai(Dbj^) or SFaipbj^, *, *). Then 
[, ] satisfies the Jacobi identity and is a Lie bracket by Theorem 15.21 We shall 
prove an analogue of Theorem 14.91 

Theorem 5.17. Let AssumMions VJ. 1 1\ and \J.4\ hold. T/ieu SFl^'['^(Dbj^) and 
SFI^’['^(Dbj^, *, > 1 =) are closed under [, ], and are Lie algebras, and 111911 restricts 
to Lie algebra morphisms SFlj"‘^(Dbj^), SFI^'['^(Dbj^, *, = 1 =) ^ CF'"‘^(Dbj^) when 
K has characteristic zero. 

Proof. If /, p £ SF!^'['^(Dbj^) or SF[^"‘^(Dbj^, *, *) then as * = P({i, 2 },<) we have 

nr([/,5]) = nr(p„,.„,^,(/,5)) -nr(p„,,,,,^)(g,/)) 

= (-P({1,2},<)(/, p)—p)) — (I^({1,2},!;)(5, /)“^({1,2},.)(5 i /)) 

= Pai. 2 }.^){f,g) - Pai. 2 }.<i){g,f) = [/,fl] 

by Theorem where • is the partial order on {1,2} with i • j \i i = j, so 
that by symmetry P({i,a},.,(/, p) = P({i, 2 },.)( 5 ,/). Therefore [f,g] also lies in 
SF}"‘^(Dbj^) or SF{{‘^(Dbjx, =i=, *), proving the first part. 

For the second part, combining Corollary 15.101 with the fact that n^‘ is 
the identity on [{U x [SpecK/(IK^)*],p)] if fc = ^ and 0 otherwise, we see that 
*, *) is generated over A, A° or U by elements [{U x [SpecK/K^j, p)] 
for U a quasiprojective K-variety. If u £ U{K) with p*(m) = [X] £ Dbj^(IlC) 
then p* : Aut(X) is injective and u contributes x(Aut(Al)/p*(IK^)) to 

7 rg^j^([(P X [Spec]K/IK^],p)]) at [AT]. Since ^ p(K^) C Aut(A:) we see 
that rkAut(Ar) ^ 1, and if rkAut(X) > 1 then the action of a maximal torus 
of Aut(Ar) fibres Aut(A')/p*(K^) by tori, forcing x(Aut(Ar)/p*(K^)) = 0. 

Thus u makes a nonzero contribution at [X] only if rkAut(Ar) = 1, that is, 
if X is indecomposable. Hence 7f£)ej^([(U x [SpecK/K^], p)]) is supported on 
indecomposables, and as such [(P x [SpecK/K^], p)] generate SF{"‘^(Dbjyi, =t=, *) 
we see that CF‘"‘^(Dbj^), and is a Lie algebra morphism by 

Theorem 15.21 The result for follows as o □ 

5.3 Relations between * and n[p K] in SFai(^liiyi) *) *) 

Theorem l5 .1 71 gives a compatibility between multiplication * and the projections 
in that subspaces SF{{'^(Dbj^), SF![}'^(Dbj^, *, *) defined using the 
H" are closed under (/, p) i—> f * g — g * f. This is one consequence of a 
deeper relationship, in which we can write Hj^ (/ * g) explicitly in terms of 
the components Hp (/), Hjjp,] (p). This deeper relationship is very complicated 
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to write down, so for simplicity we do so only for f,g€ SFai(i3bj^, *), when 
we can modify ProDOsition l2.17l to represent /, g and / 0 g in a special way. 

Theorem 5.18. Suppose Assumvtions \2.ll\ and hold, 
are as in DeRnition \5.11\ and f,g lie in SFai(i)bj^, T, A), SFai(Dbj^, T, A°) or 
SFai(Dbj^, 0,0) with n[/ a;](/) = / and n[j;),](g) = g. Choose constructihle 
T C Dbj^(K) X Dbj^(IK) with f ® g supported on T, and use the notation of 
PropositionWrite (K^)^,... for the ^-groups of functions ^ . 

Then we may represent f ® g & SF(Dbj^ x DbjA, *) as 

f ® 9 = X [SpCC ]K/(K X (K , r™„) ] , (67) 

where Nm is finite, Cmn S A, A° or fl, Wmn is a quasiprojective K-variety, and 
Tmn : VF™ X [SpecK/(K^)^ x (K^)^] ^ C Dbj^ X Dbj^ is induced, using 
the 1-isomorphism &rn — [lAn/Gm], by an injective K-growp morphism Pmn '■ 

(K'^)^x(K'^)“' ^ Gm and a morphism amn : ^ ^ 

These have the property that if w G IFmn(K) projects to v G 14n(]K) and 
([X],[F]) G Db)^(]K) X Dbj^(]K) then pmn maps to StabGm(i^) C Gm, and 
there exist splittings X = ® jgj Xi and Y = Yj in A with [Xj\ = K(i) 

and [Yj] = X(j) in G{A) for all i,j, such that composing pmn with 63 yields 
the K-group morphism {K^Y x —> Aut(Ar) x Aut(F) given by (7,(5) 

(E*g/ 7(^) idx,, Ejgj (5(j) idx,) ■ 

In this representation we have 

f*g= Y. Cmn[{WmnX[El/{{K>^Yx{^''y)«E°m],CT{{l,2})0^mu)], m 

mGM, n^Nm 


where (K^)^ x (K^)*^ acts on E^,EY via pmn and the Gm-actions, and E^ 
acts trivially on E}^, and amn, Pmn induce 

fmn : Wmn X [EYKY^^Y X (K^)*^) K £1^] ^ [Vm X E^/Gm X £1^] , (69) 

using (O to regard the r.h.s. of (El as a substack of 311({1, 2 }, ^)^. 

If L is a finite set and (f : I ^ L, ip '■ J ^ L maps with p 11 if : 111 J —>■ 
L surjective, define C (K^)^ x (K^)'^ to be the subtorus of ( 7 ,( 5 ) G 

(K^)-^ X (K^)*^ for which there exists e : L ^ with 7 ( 1 ) = e o ^(i) and 
^0) = for all i G I and j G J. Then e determines 7,(5 uniquely, so 

that 1 ^, 0 ,,/, = (K^)^. For each m G M, n G Nm and i = 0,1 write {EIYY"^'*'* 
for the vector subspace of E^ fixed by Prrm(FL_ 0 _^). Write Aut{K,p) for the 
finite group of bijections l : K ^ K with p = po l. Then 


n 


[K,lA 


if * 9 ) = 


I Aut(A:, p)\ 


E 




ISO. 

classes 
of finite 
sets L 


\L\\ 


E 

4> : I ^ L, if : J ^ L and k^K 
9 : L — *K: (fUif surjective, 

u(k) = K((e o 0)“hfc))+ 

\({e o ip)-'^{k)), k G K 


n(r'(fc)i-i)! 


( 70 ) 


E 

meM, neN, 


Cmn[{Wmn X [{EYfrA,^/{{K^Y X (K^ )-^) X {Elfr.,.*], 

0-i{l,2})o^mn)]- 
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Proof. By Corollarv l5.15l we can write /(g)g in the form 14till . The proofs of the 
first part of Proposition [TT7I in [11, §5.3] and Corollary 15. 101 then show we can 
write /( 8 >g as a sum of terms Cmn[{Wmn x [SpecK/T], T^n)], where T = (K^)^ 
and Tmn maps to 0rn C Dbj^ X Dfaj _4 and is induced by a K-group morphism 
Pmn ■ T Gm and a morphism Umn '■ Wmn C Vm- _ 

As n[/^K](/) = / and n[y>](g) = g we can show using Definition 15.111 that 
the sum can be chosen such that when w € Wm„(K) projects to u £ Kn(]K) 
and ([A'],[F]) £ Dbj^(]K) x Dbj^(]K), there is an isomorphism T = (K^)^ x 
for which the second and third paragraphs hold. This isomorphism may 
depend on w, but it does so constructibly, so refining the sum we can take the 
isomorphism to be constant on ITmn(IK), and identify T with x 

This gives the first three paragraphs of the theorem. 

Equation now follows from as for To prove CZOl) we ap- 

ply to (EHli and use Definition irm and [11, §5.2]. Deleting terms with 

Wmri(lK) = 0, let m £ M and n £ Nm and pick w £ Wmn(K), projecting to 
V £ Tm(lK) and ([A^j, [T]) £ Dbj^(]K) x Obj^(K). Then the first part of the the¬ 
orem gives splittings X = 0^^/and Y ~ ©jgjXj- ®y Proposition 15. Idf al 
we have isomorphisms 

- Hom(y, A) - Hom(y„ A,), 

El - Exti(r,A) - 0 ,g,^^.g^Exti(y„A,). 

Under these isomorphisms, ( 7 , 5) £ x acts on El via pmn by 

multiplying by 'y{i)6{j) in Hom(Yj, A^),Ext^(Yj, A^). It follows that for 
and as in the theorem we have 

0 Hom(F„A,), 0 Exti(y„A,). (71) 

iei,jeJ: iei,jeJ: 

4>ii)='4’U) •P{i)='>PU) 

In applying to (IHHll we can take the Wmn factor outside, as ((K^)^ x 

(K^)'^) K El acts trivially upon it. If Hom(Yj, A^) ^ 0 ^ Ext^(Yj-, A^) for all 
i,j then using m and the notation of [11, §5.2] we find that 

p{Ei,{K^yx{K^y)=Q{{{K^yx{K^y)KEi,{K^Yx{K^y) 

= n{El, ((K")" X (K^y) X El, X (K^y) (72) 

= {TL,<t>,ip '■ L a finite set, (j) : I^L, ip : J^L, (pYip surjective}. 

If some Hom(Yj-, Ai), Ext^(Yj, A^) are zero then V, Q, TZ{- ■ ■ ) may be subsets 
of the values in m- However, since the formulae in [11, §5.2] give the same 
answers if we replace V{X,T^), Q{G,T'^),TZ{X,G,Ty by larger finite sets of 
K-subgroups of closed under intersections, the values (17^ give the correct 
answer for computing (•••), so we shall still use them. 

Now let P £ 'P(- • •) and R £ 7i{- ■ ■) with R C P and 0 ^ c £ Q, and v be 
the Db)^-weight function of Definition l5.1l1 defining Then [11, Def. 5.15] 
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defines a constructible set {Wmn x in (Wmn x E^){K), which we will 

evaluate. Let (w,e) £ {Wmn x project to ([X],[y]) £ Dbj^(K) x 

Dbj^(K) under ((t({1}) x cr({2}))* and to [Z] £ Dbj^(K) under (t({1,2})*. 
Let R = for some Then there is an exact sequence 0 ^ X ^ 

Z ^ Y ^ Q invariant under R. The splittings X = ®i^iXi, Y = 0jgjT, 
correspond to a splitting Z = 0;g^ Zi with Zi in an exact sequence 

0 —^ 0ze/: 4>{i)=i ^ ^ 0ieJ: ^ 


It follows that [Zi] = K{(j)~^{l)) + A(^“^(l)) in C{A). 

Under the natural isomorphism R = (K^)^, e £ (K^)^ acts on Z as 
e(^) idxi- From Definition 15.111 we find v{^R,[Z],{(t{{ 1,2}) o ^mn)*) is 
1 if there is a bijection 9 : L ^ K with ^{k) = K{(j)~^{k)) + A(Vi“^(fc)) for 
k £ K, where ^ = 9 o cj) and = 9 o tp, and 0 otherwise. Then R = 

So [11, Def. 5.15] gives (Wmn x El^)ER = Wmn{^) x (£'^)^(K) if c = 1 and 
R = as above, and (Wmn x Ep^)E^ = 0 otherwise for c ^ 0. The 

definitions now yield: 


^K^Wmn X [£;^/((IKX)^ X (K^)'') X , <t({ 1, 2}) O ^_)]) = (73) 


P,R^V{E]^A 


rX\I ^ 


R = J [{Elf/{iK>^y X (^X)-') X (E^f] 

(k)) + (/c)), k G K, 


M 




{P,P,R)' 

(K^Yxil 

r({l,2})oe„„)]. 


Here [11, §5.2] actually defines H^]- • •) as a sum over triples P £ V{X, T^), 
Q £ Q(G,r<^) and R £ TZ{X,G,T^) with i? C P n Q and M^{P,Q,R) 7 ^ 0. 
But P,Q are the smallest elements of V{X,T^)^ Q{G,T^) containing P fl Q 
by [11, Lem. 5.9], so ll7^ implies that P = Q, which we have included in (O. 

To get from (TTHll to iTTnil we set P = and R = Tk,^,^ in GOIl- Then 

P C P if and only if there exists a surjective 9 : L ^ K with ^ = 9 o (p and 

Ip = 9 o ip^ which is then unique. So we replace the sums over P,R in GSl 

with sums over isomorphism classes of L and maps (p,ip,9, as in 17011 . The 
combinatorial factors in the second line of GDI are then the product of 

Krxpx(KX).).so^(^,^,^) = (-l)'^'-""'nfeeic(r'(^)|-l)! (74) 

in lO, which can be computed explicitly using (17^ and [11, Def. 5.8], and 
factors 1/1 Aut(iL, fi)\, 1/|L|! to compensate for the fact that each pair (P, R) in 
m is {TL,,p,i),TKfio^,eoiii) for exactly | Aut(P:, ^)| • |L|! quadruples {L,(p,ip,9) 
in m- This completes the proof. □ 

This theorem will be very useful in [J^when we impose extra assumptions on 
A implying formulae for dim E^ — dim Ep^ and dim{E^)W,*,* — dim(PA)^^’'^’’'' > 
as then izni) will enable us to construct algebra morphisms from SFai(Dbj^, *, *) 
to certain explicit algebras P(A, A, y), P(A, A°, y) and G(Al, 0,y). 
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Theorems l5.1htl^TRI are an important reason for introducing virtual rank 
in [11, §5] and the operators They show these operators have a 

useful compatibility with and although this is difficult to state. For 

comparison, the simpler idea of real rank and operators in [11, §5.1] have 
no such compatibility with *, as far as the author knows. 

5.4 Generalization of other parts of ^ 

So far we have generalized the material of EH and iid.bi to stack algebras. We 
can also generalize much of the rest of El using the techniques of 
This is straightforward, so we just sketch the main ideas. 

For EH we can use the idea of local stack functions LSF . LSF(5^) in [11, §4] to 
define spaces LSF . LSFfDbi 4 ) and LSF . LSF . LSF(Dbj^, *, *) of stack functions 
f in LSF . LSFfDbi i) and LSF . LSF . LSFfDbi 4 . *. *~) supported onfJ^ggDbj]^ 
for finite S C C{A), and subspaces LSFai(Dbjx), LSFai(i)bj^, *, = 1 =) analogous 
to SFai(Obj^), SFai(Tlf’i.A, *)■ Multiplication * is well-defined on all of these, 
making them into associative algebras. 

For 231 define : ^(Dbj^) x^(an({l, 2}, ^)X) ^ SF(an({l, 2}, by 

/*Lr = g({l,2,3},^,{l,2},^,/3), 

[(rT({2}) X Q({1, 2, 3}, {1, 2}, <, a))*(/ 0 r)], 

by analogy with and define *ji in a similar way. Then the analogue of 

Theorem 10 holds and shows *l,*r are left and right representations of the 
algebra SF(Dbj^) on SF(9JI({1, 2}, <)x). The same result holds if we work with 
any of the spaces SF, SF, SF(=i=) or their local stack function versions. If K 
has characteristic zero, the linear maps TJ'otj.A’ 2 } <)^ intertwine the rep¬ 
resentations *L, *R of SFfDbj 4 ) on SF(97l(|l, 2|, ^)a) with the representations 
of CF(Dbj^) on CF(an({l, 2}, of 231 

The generalization of iI4.5l is immediate, with Assumption 14.111 implying 
that the subspaces SFfin. SFenfPbi 4 ) and SFr^, SFg^, SFfinfDbi .d. *. *1 of stack 
functions with finite support are closed under *. Each stack function in one 
of these subspaces is a sum of stack functions supported over single points 
[A] G Dbj^(K). So using the relations in SFfin,^finj SFfln(gbj^, *, *) we can 
write down simple representations of these subspaces. For instance: 

Lemma 5.19. The sw&space ^fin(Dbjx, T, A) of f m SF(Dbj^, T, A) with 
finite support has A-basis [(SpecK,A)] for [A] G Dbj^(K). Thus, iob]^ • 
CFfin(Dbj^) A ^ ^fin(g6j.4, T, A) is an isomorphism. 

If Assumption 14. 1 II holds then CFfin(Dbj^) (8 )q A and M’fin(gbi.A, T, A) are 
both A-algebras, but in general iob)^ isomorphism between them. 

Rather, ^gn(Dbj^, T, A) may be thought of as a ‘quantized’ version of the 
‘classical’ algebra CFfin(Dbj^) (g)Q A. 

To generalize iid.fil let AssumptioTis l2.1 ni3.4l a,nd l4.f fl hold. and consider the 
A-universal enveloping algebra C/’'(SF1[[ g„(Dbj^, T, A)) of the A-Lie subalgebra 
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SF^" A) of stack functions with finite support in SF^‘J‘^(Dbj^, T, A). 

Then $fin : C/"^(SF^'[^jj(Dbj^, T, A)) ^ SFai,fin(i3bj^, T, A) is an isomorphism. 
The same holds for t/''°(SF“;|i„(Dbj^, T, A°)) and t/“(SF“;|i„(Dbj^, 0, f7)). 
The author is not sure whether $ is injective in the non-finite-support case. 

We do not generalize EZZI as there are problems with the analogue of the 
proof that A is multiplicative in Theorem HTTI We have already discussed the 
analogue of SI in jO In the quiver examples of ESI we can use the algebra 
SFfin(Dbjyi, T, A) to construct examples of quantum groups. 

Example 5.20. Suppose Assumption 12.111 holds for K,T,A, and let g = 
n+ 0 (] © n_, F and Q — {Qo,Qi,b,e) be as in Example 14.251 or 14.251 Then 
Assumption 15.41 holds for A — mod-KQ, and there are simple elements Vi G A 
for i G Qq. Write j[y.] for the stack function in SF(Dbj^,T,A) associated 
to the constructible set {[1^]} C Dbj^(IK), and let C be the subalgebra of 
SF(Dbj^,T,A) generated by the 5\y.-^ for i G Qo- This is a stack function 
version of the composition algebra C of a Define dj for z, j G Qo by eu = 1 
and —Cij is the number of edges • —> • in Q. Then dimExt^(Vi, Vj) = —etj for 
i ^ j in Qo- Define Oij = e^- + Cji. 

Now the isomorphism C = l/(n+) in Example 14.251 identifies with Ci G 
t7(n+), and holds because the satisfy the identity 

(ad(Vi]))^”“‘'Vd ia CF(Dbj^) Qp, (75) 

known as the Serve relations. We will explain the corresponding relations for 
the in ^(Dbj^, T, A). For define the Gauss polynomial 

/n\ (r - -1) ■ ■ ■ -1) 

\k)i ~ _l)(£fc-i _!)...(£-1) 

With this notation, for i ^ j G Qo we claim that 


E (-i)‘ 




I - a. 




* ^[Vi] 


■i —k 


= 0 . 


(76) 


Here /* means f * f * ■ ■ ■ * f, with / occurring k times. Equation (TTSl) is known 
as the quantum Serre relations^ and with q in place of i and in place of 
6[y.] it was introduced by Drinfeld [4, Ex. 6.2] as the defining relations of the 
quantum group C/g(n+). We recover (I75II from GHl by replacing i5[y^] by i5[y^] and 
taking the limit i ^ 1. 

To prove we can adapt the proof in Ringel [24, §2]. Ringel works over 
finite fields with q elements, so that to define his Ringel-Hall multiplication he 
simply counts numbers of filtrations satisfying some conditions, giving answers 
which are polynomials in q. In our case, using the ideas of il5.1Ftl5.2l we trans¬ 
late Ringel’s manipulation of finite counts q^ into addition and subtraction of 
constructible sets of the form which become factors by the relations in 
^(Dbj^,T, A). We leave the details to the reader. 
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Let the quantum group J7^(n+) be defined by the usual quantum Serre rela¬ 
tions over the algebra A. Then from we obtain a unique, surjective algebra 
morphism Ui (n+) ^ C. In the case of ExamDle l4.2dl when T, A) = 

SF(Dbj^, T, A), we can use Lemma [^.191 and U{n+) = C to show this mor¬ 
phism is an isomorphism. This is a Ringel-Hall-type realization of tA(n+) 
using stack functions, parallel to those of Ringel [24] using finite fields, and 
Lusztig [19, Th. 10.17] using perverse sheaves. 


6 Morphisms from stack (Lie) algebras 

If „4 = mod-KQ for a quiver Q, or A = coh(P) for a smooth projective curve 
P, there is a biadditive y : K (^) x K (^) ^ Z called the Euler form with 

dimK Hom(Ar, Y) — dimjK Ext^(X, Y) = x([-A], [E]) for all X,Y € A. 

Assuming this, construct algebra morphisms from 

SF(Dbj^), SFai(i?bj^, *, *) to explicit algebras A{A,A,x),B{A,A or A°,x) and 
C{A,^,x) depending only on C(^), x, A, A°, fl, which restrict to Lie algebra 
morphisms from SFl[J‘^(Dbj^, =*=, *) to A or A°, x), fl, x)- 

In a similar way, if ^ = coh(P) for P a Calabi-Yau 3-fold then 

(dimK Hom(Ar, Y) — dimK Ext^ {X, E)) — 

(dimK Hom(E, X) — dimK Ext^(E, AT)) = x([-^]j [^]) for fol A', E G A, 

for an antisymmetric bilinear x : K{A) x K{A) Z. Assuming this, Mfi.fil 
constructs a Lie algebra morphism : SFlj‘['^(Dbj^, 0, LI) C™'^{A^ 11, ^x)- 
These (Lie) algebra morphisms will be essential tools in the sequels [13,14] on 
stability conditions. Given a permissible weak stability condition (r, T, on A, 
in [13] we will construct interesting subalgebras of SFai(Dbj^) 

and Lie subalgebras £*°(t) of SFl)[‘^(Dbj^). Under mild conditions, [14] 

shows these (Lie) subalgebras are independent of the choice of (r, T, ^), and 
gives combinatorial basis change formulae relating bases of ..., £‘°(r) 

associated to (r, T, <) and (f, T, ^). 

Thus induce morphisms 7iP’^(r), 7 Y*°(t) ^ A, P, C(yl, x) 

and £P’^(t),/ l*°(r) —> C'"‘^(A, *, x)- We shall regard these as encoding 

interesting families of invariants of A, (r, T, ^), which ‘count’ r-(semi)stable 
objects and configurations of objects in A with fixed classes in C{A). The fact 
that di'r* are (Lie) algebra morphisms imply multiplicative identities on 

the invariants, and the basis change formulae imply transformation laws for the 
invariants from (t, T, ^) to (r, T, ^). 

6.1 Identities relating ix and 

Recall that a K-linear abelian category A is called of finite type if Ext* {X, E) is a 
finite-dimensional K-vector space for all X,Y £ A and * ^ 0, and Ext*(X, E) = 
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0 for z ^ 0. Then there is a unique biadditive map x : Kq{A) x Kq{A) ^ Z on 
the Grothendieck group Kq (^) known as the Euler form, satisfying 

X{[X], [Y]) = S,^o(-l)MimKExt*(X,y) for all X, F G A (77) 

We shall suppose K{A) in Assumption id.dl is chosen such that x factors through 
the projection Kq{A) —> K{A), and so descends to x : K{A) x K{A) Z. All 
this holds for the examples A = coh(P) in [12, Ex. 9.1] with P a smooth 
projective K-scheme, for the quiver examples A = mod-KQ in [12, Ex. 10.5], 
and for many of the other examples of [12, §10]. 

Now assume Ext* (A, F) = 0 for all A, F G A and z > 1. Then (I77II becomes 


dimiK Hom(A, F) — dimK Ext^(A, F) = x([-^]) [^]) for aU A, F G A. (78) 

This happens for A = coh(P) in [12, Ex. 9.1] with P a smooth projective curve, 
and for A = mod-KQ in [12, Ex. 10.5]. We shall prove that multiplication * on 
^(Dbj^,T, A) and za in Proposition l2. 101 satisfy an important identity. 

Theorem 6.1. Let A ssv.m,vtinns \‘A. f71 and \K^ hold, and za be as in Proposition 
Suppose X ■ K(A) x K{A) ^ h is biadditive and satisfies 17811 . Let 
SF(Dbj^, T, A) be supported on Dbj^, Ob}^ respectively, for a, f3 G C{A). 
Write n : Dbj^ ^ SpecK for the projection. Then 

A'on,(/*g) = £-^fo’fo(iX'on*(/))(zx'on45)) in a. (79) 


Proof. Choose a constructible set T C Db)(^(IK) x Dbj^(K) with / ® g sup¬ 
ported on T, and use the notation of Proposition l5.14l Since ^(Db)^, T, A) is 
generated by [{U, p)] with U a variety and p representable, arguing as in Propo¬ 
sition and Corollarv l5.15l we may write f and f *g in the forms I46II and 
iP^ . for Nm finite and Cmn G A. 

As ZA is an algebra isomorphism we have 

(zx' on*(/))(zx' o Wig)) = zx'(n,(/) • n*(g)) = zx' o (n x n)*(/® g). (80) 

Equations (ED) and EH) and relations in ^(SpecK, T, A) imply that 

zX^o(nX 0)4/0 5)= ^ CmnA{[Wrnn])Yi[Gr,,])-\ (81) 

mGM, n^Nm 

^A^oWif*g)= Y. cJ([W„4)T([P4])T([G„])-1T([P4])-\ (82) 

m^M, nGNm 

using Assiimntion 12.1 ir iil and that Gm x = Gm x as K-varieties. But 
T([p4])T([p4])-i (83) 

by Assumption l2.1ll Proposition l5.14r al. 1781) and the fact that T C Dbj(^(]K) x 
Dbj^(K). Equation now follows from EH-®- □ 
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We generalize this to the operations A...) of Definition 15.31 Theorem lO is 
the case (/, = ({1, 2}, of Theorem 16.21 

Theorem 6.2. Suppose Assumptions and hold, and x • ^(-^) ^ 

K{A) "L is biadditive and satisfies (I78II . Let (7,^) be a finite poset, k : 
/ —> C'(^) and fi S ^(Dbj^,T, A) be supported on for all i G I. Then 


ZA^on*(P(j,^)(/i :iGl)) = 

£-x(kOTk(0) 


'n*x'°n*(/,)" 




_ 


Proof. When |/| = 0 or 1, equation is obvious. Suppose by induction that 
(ISl) holds for and let I, fi,, k be as above with \I\ = n + 1. Choose k G I 

to be ^-maximal, and define J = I \ {fc}, K = {i G I : ifik}, L = J Ci K, 
and (f : K ^ {1, 2} by (j){i) = 1 for i £ L and (j){k) = 2. Then a similar proof 
to [12, Th. 7.10] shows the following is a Cartesian square: 


X Dbj^ 


Q(L,^,{l, 2 }X, 4 ,)oS{I,^,K) 
<T(L)xidof,j . 


2n({i,2},<)^ 

o-({l})xo-({ 2 }) I 
Dbj^ X Dbj^. 


(85) 


If fi S ^(Db)^, T, A) for i G I are as in the theorem we have 

:iGl)) = °n* °crW*[(n*e7'^({O))*((8)iG//0] 

= O n* O (t({ 1, 2})* o (Q(L, {1, 2}, fi) o S{I, fi, K))^o 

{S{I, fi, J) X a({fc}))* ffi) 0 /,] 

= zX^ on* o (t({1,2})* o ((t({1}) X (t({2}))*0 

(cr(L) X idobj^)*[(njgj'^({j}))*((2)jGj/i)) ®/fe] 

= ° n*! (cr(L)* [(rijgj cr({j}))*((8)j6j fj)] ) * fk} 

= (zx^on*ozT(L)* ^({j}))n(g),Gj fj)]) (*a' ° n*(/,)) 

= [n.GL:jej))(zx'on*(86) 

Here we have used (HOll in the first step, 2-isomorphisms 

n o cr{I) = n o (t({ 1, 2}) o Q{L, fi,{l,2},^,fi)oS{I,fi,K) and 
n*G/ c>-({*}) - ((rijGJ '^({j}))) X idobj^) O {S{I, fi, J) X cr({fc})) 

in the second, Theorem O and (1551 Cartesian in the third, (EHl in the fourth, 
Theorem l6.1l and cr(L)*[(]([^-gj cr({j}))*({2)^-gj fj)] supported on in the 

fifth, and H o cr(L) = H o cr(J) and (14011 in the sixth. Since \J\ = n we can 
expand o n* o P(j,^){fj : j G J) in the last line of II86II using II84II with J in 
place of I, and this proves lIMll for I. The theorem follows by induction. □ 
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6.2 Algebras A(A, A,x) and morphisms to them 

If the factor were not there, equation would say ^ o 11* is a mor¬ 
phism of Q-algebras. We can make an algebra morphism T, A) ^ 

A{A, A, x) by introducing generators a“ in A{A, A, x) for a G C{A), and twist¬ 
ing multiplication a°‘ * in A{A, A, x) by 

Definition 6.3. Let Assumptions 12 . 1 H and mi hold. Then K{A) is an abelian 
group, C{A) C K{A) closed under addition, A a commutative Q-algebra, and 
€ G A is invertible. Suppose y : K{A) x K{A) ^ Z is a biadditive map. Using 
only this data K{A),C{A), A, £, % we will define a Q-algebra A(A, A, y). 

Let a“ for a G C{A) be formal symbols, and A{A,A,x) the A-module with 
basis {a“ : a G C{A)}. That is, A(A, A,x) is the set of sums X]aGC(X) 
with A“ G A nonzero for only finitely many a. Addition, and multiplication by 
Q, are defined in the obvious way. Define a multiplication * on A(A, A, y) by 

(E.e/ A /i, = E.e/ -“b , (87) 


where I,J are finite indexing sets, Xi,p,j G A and ai,(3j G C{A). Using the 
biadditivity of y it is easy to verify * is associative, and makes A{A, A, y) into 
a Q-algebra (in fact, a A-algebra), with identity a°. 

For (/, <) a finite poset, define : Oiez A{A, A, y) ^ A{A, A, y) by 





:iel 

= E 

C 



Ci€Ci 


choices of 

Ci £ Ci for 

iGl 


iyf=j£l: i:<j 


all i ^ I 



for Ci finite indexing sets, G A and G C{A). These P(/,x) satisfy iTllll . 

Now for each a G C{A) write i^ '■ for the inclusion and 

n“ : Ob)^ SpecK for the projection 1-morphisms, and let za be as in 
Proposition l2.16l Define : SF(Dbj^,T,A) —*■ A{A,A,x) by 


<h"(/)=Ec.eCM)[*X'°n“o *;(/)]«“ for/GM'pbj^,T,A). (89) 


This is well-defined as / is supported on the disjoint union of Dbj)^ over finitely 
many a G C{A), so o 11* o (/)] 0 in A for only finitely many a. 

We can think of ^^{f) as encoding the ‘integral’ of / over Ob]^ for all a. 

Theorem 6.4. Let Assv.m,ntinns \P,. 1 71 and \^~]\ hold and y : K{A) x K{A) Z 
he biadditive and satisfy (I78II . Then : ^(Dbj^,T,A) ^ A(A, A, y) is a 
A-alqebra morphism. If (I,^) is a finite poset and L G SF(Dbi^,T,A) for 
i G I then : z G /]) = [^Efi) -iel]- 

Proof. Suppose f^,g^ G ^(Db)^,T,A) are supported on Dbj^,Dbj^ respec¬ 
tively, for a,f3 € C{A). Then for 7 G C{A) we have 


n: 


o 1 . 


;(/“) 


n*(r), 

0, 


0 = 7, 

a yf 7, 


so $''(/“) 


on*(/“)]a“ by JEHl)- 
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Similarly on*( 5 ^)]and d)"'(/“*g^) = [z^^ on,(/“*g^)]a“+^, 

as /“ is supported on Db)'^^. Thus $^(/“ * 5 ^) = d)''(/“)*$''( 5 ^) follows 

from equations lO and (EZI). For the general case, any f,g £ SFfDbi ,a,T. A) 
may be written as / = es/“j 9 = Y1,p^t9^ with S,T C C{A) finite and 
f°',g^ supported on Dbj^,Dbj^, so $''(/ * g) = ^^(f) * ^^(g) follows by lin¬ 
earity. Clearly <&'' is A-linear and <i)''((5[o]) = a°, so is an algebra morphism. 
The P(i,^) equation is proved in the same way, using (Pjl rather than □ 

Remark 6.5. (a) Since : SF(Dbj^) —> ^(Dbj^,T,A) is an algebra 

morphism, o : ^(Dbj^) ^ A{A,A,x) is also an algebra morphism, 

• • X A 

which commutes with the P£,<y The same applies to morphisms o 
from ^(Dbjx,T, A) and ^(DbjxAA°)j and all the subalgebras SF(Dbj^), 
SFai(£)bj^), — We defined on SF(Dbj^, T, A) as it is the coarsest choice, 
(b) Suppose £ admits a square root p in A, that is, = £. In Example 12.121 we 
can take p = z. Define elements a“ = in A(yl,A, y) for a G C{A). 

Then the a“ are an alternative basis for A{A, A, y) over A, and 

= pxA,m-x(0,Aa°‘+0, 

by®. This depends only on the antisymmetrization of y. (This is not true for 
the in the a“ basis, though). If y is symmetric, with y(a,/3) = y(/3, a), 

then A{A, A, y) is commutative with oA -ka^ = a“+^. 


6.3 Algebras i?(A, A,y) and morphisms to them 

Theorem l5.18l gave a compatibility between multiplication * in SFai(Ob)yi, T, A) 
and the projections !![/ „,]. We now exploit this to construct a larger algebra 
B{A,A,x), with an algebra morphism : SFai(C*bix A) A) ^ .B(A, A,y). 

Definition 6.6. Let Assumptions 12 .1 H and tl . 4l hold, and y : K{A) xK{A) Z 
be a biadditive map. Using only the data K{A),C{A),A,£,X define a 

Q-algebra B{A, A, y). Consider pairs (I, k) for k : / —» C{A) and ss-equivalence 
classes [/, k] as in Definition 15.1 II Introduce formal symbols &[/,«] for all such 
equivalence classes [I,k]. Let B{A,A,x) be the A-module with basis the &[/,«]■ 
That is, B{A,A,x) is the set of sums ^classes [/, „] ^ A 

nonzero for only finitely many [/,«]. Addition, and multiplication by Q, are 
defined in the obvious way. Define a multiplication * on B{A, A, y) by 


b[i,K] * b[jx] 


E ' 

eq. classes [K, 




'lK,u] 


{£-!) 


I Aut(A:, g)\ 


( 90 ) 


E 

iso. 

classes 
- of finite 
sets L 


\L\\ 


(j) : I —y L, tjj •. J —y L and k^K iGl, jGJ. 

9 : L—yK: surjective, 

fi{k) = K((e o 0)“hfc))+ 

\{(e o ip)-^{k)), kG K 
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extended A-bilinearly. An elementary but lengthy combinatorial calculation 
shows * is associative, and makes B{A, A,x) into a <Q-algebra (in fact, a A- 
algebra), with identity fo[ 0 ^ 0 ], writing 0 for the trivial map 0 ^ C{A). Define 

B^’^^{A,A,x) to be the subspace of '^^B{A,A,x) with/Jp^^j = 0 

unless |/| = 1. Equation (liinil implies B'’^‘^{A,A,x) is closed under the Lie 
bracket [ 6 , c] = b-k c — c*b, and so is a Q- or A-Lie algebra. 

Let / G SFai(Dbjx, T, A), so that !![/_„,](/) G SFai(£>bj^, T, A) and n* o 
!![/,«](/) G SF(SpecK,T, A). Using the explicit form [11, Prop. 5.23] for 
^(SpecK, T, A) and properties of the Up we find that 

n*onp,,](/) =/3p,,][SpecK/(K")l^l], (91) 

for some unique /3p,K] G A. Now define : SFai(i3b)^, T, A) ^ B{A,A,x) by 

(/)= Seq. classes [/, k](9^) 

Definition 15.131 implies that maps SFl([‘^(Dbj^, T, A) to i3‘"‘^(^, A, x). 

Theorem 6.7. Let Assumvtions \ii. lJ\ and \3~^ hold and x ■ K{A) x K{A) Z 
be biadditive and satisfy 17811 . Then 'k"' : SFai(Dbj^, T, A) —> B{A,A,x) and 
: SF13‘^(Dbj^, T, A) ^U“‘^(.4, A, x) are (Lie) algebra morphisms. 

Proof. Clearly is bilinear and ^>^(^[ 0 ]) = b[ 0 jj, so that takes the identity 
to the identity. Thus the theorem follows from ^'^(/ * g) = 'k^(/) * '^^{g) for 
all f,g G SFai(i3bj^, T, A). By Proposition 15.121 and bilinearity it is enough to 
show that 5'^(/ *g) = 5'^(/) * '^^{g) when np^^](/) = / and n[p;,,](g) = g for 
some [I,k] and [J,X]. Thus we can apply Theorem 15.181 to get representations 
lIHTIl and iTTnil for f ® g and n[^_^](/ * g). 

We have ^^(f) = /3p,K]bp,a,] and «'^(g) = 7[j,a]^[j.a] for some /3p,^], 7[j.a] e 
A. Then n*(/ (g) g)_= / 3 p_^] 7 [p^] [SpecK/(IK^)^ x (K^)^] in ^’(SpecK, T, A). 
Projecting (1^ to ^(SpecK, T, A), we deduce that 


P[I,k]T[J,X] — Yhm^M, n^Nm, CmnT([Wmn])- (93) 

Now write ^'^(/ * g) = E[k.m] hK,^L\b[K,^L] for e A. Then U* o n[^_^](/ * 

9) = <5[if,;x][SpecIK/(K^)^] in ^(SpecK, T, A). Applying to map to 

SF(SpecIK, T, A) and if^^ to map to A gives 

° o n, o n[^^^](/ * g) = 

So applying if)^ o o B* to GOl) and relations in ^(SpecK, T, A) gives 


hK.tA = 


\Aut{K,fi)\ 


E 






ISO. 

classes 
of finite 
sets L 


\L\\ 


(j) ■. I —* L, "{{j ■. J —»^L and 
9 : L^K: (plL'ip surjective, 
fj,{k) = K,{{e o 0)“Ufe))+ 
A((e o -0)“^^)), k G K 


(94) 


n(|0-'(A:)|-l)! E c^nT([W^„])T([(F)„)^-.^.^])T([(F^)^-.^.^])-\ 

k&K m£M, n^Nm 
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Let TO, n, L, (p, ip be as in and pick w G Wr„„(K) projecting to w G 

ym(IK) and ([X], [F]) G Obj^(K) x Dbj^(K). Then Theorem 15.181 gives split¬ 
tings X = 0ig/ Xi and Y = 0jgj Yj in A with [Xi] = k{i) and \Yj\ = \{j) in 
C{A) for all i,j, and isomorphisms (I71II . Combining these with 17811 yields 

(95) 

We now see that by comparing (1^ and □ 


Remark 6.8. (a) We can also generalize ® to : n*e/^(AA,x) ^ 

B{A,A,X) satisfying (PH) and : * G /]) = : * G /] for 

fi G SFai(£)bj^, T, A), as in Theorem 16.41 But since the definition and proof 
are rather complicated, we omit them. 

(b) As : SFai(Dbj^)—>SFai(i3bj^,T, A) is an algebra morphism taking 

SFLf(Dbj0^-^SFif(Dbj^,T,A), o : SFai(Dbj^) ^ R(A A,x) is 

too, and restricts to a Lie algebra morphism SFa')'^(Dbj^)^R“‘^(xl, A,x)- The 
same holds for : SFai(Llbj^, T, A°) ^ SFai(iObj^, T, A). We defined 

on SFai(Objx, T, A) as it is the coarsest choice. 

(c) Here is an alternative description of i?(.A, A, x), B™‘^{A,A,x)- Define 

5“ G A, x) for a G C{A) by 6“ = b[{i},a']) where a'{l) = a. Then 

A, x) is the A-module with basis 6“ for a G C{A), and iP^HIl yields 

p-x{l3,a) _ p-xAA) 

[5“ y] = --6“+^. (96) 

Given k : {1,..., n} ^ C{A), we can use iPJOll to show that 


5«(i) * 5^=(2) * ... ^ ^«(n) 


1 

|Aut({l,...,n},K)| 




(terms in b[j,A] 
for I J| < n.) 


By induction on n we find the 6“ generate B{A,A,x) over A, and 19611 are the 
only relations on the 5“ over A. Also satisfies the Jacobi identity. 

Thus, B{A,A,x) is the A-algebra generated by the b°‘ for a G C{A), with 
relations (PH. Equivalently, A, x) is the A-Lie algebra with basis 6“ 

for a G C{A) and relations 19611 . and B{A,A,x) is the universal enveloping 
A-algebra of A, x)- Note this does not mean B{A^ A, x) is the universal 

enveloping Q-algebra of A, x) as a Q-Lie algebra. 

(d) Suppose as in R.ema.rk |6.5r bl that I admits a square root p in A. Define 
elements = pi“x(“>“)6“ in A,x) for a G C{A). These are another 

A-basis for A, x), and 


- g5X(a,/3)-x(/3,a) _ ^xA,a)-x(aA) _ 

[&“, 6^1 = ^ - 6“+^ 

P - P 

by PH, which depends only on the antisymmetrization of Xi s-nd is also un¬ 
changed by replacing p by p“^. 

(e) Define a A-algebra morphism A : B{A,A,x) A{A,A,x) by A(6[/,;]) 
= {i - l)-lba«C). Then o hJ^^ = A o : SFai(Db)^, T, A) ^ A(xl, A, x). 
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6.4 Multiplication in A,x) as a sum over graphs 

We now rewrite the multiplication law TO in 5(4, A, x) as a sum over directed 
graphs F, with vertex set / 11 J. In TO . ‘ no multiples’ means there are no 
multiple edges, that is, at most one edge joins any two vertices in F. By the 
connected components of F we mean the sets of vertices of connected components, 
which are subsets of /11 J. And 6i(F) is the first Betti number of F. 

We find graphs helpful as we can use topological ideas like connected, simply- 
connected and 6i(F). The transformation laws for Calabi-Yau 3-fold invariants 
in [14] will also be written in terms of sums over graphs, and the author believes 
these may have something to do with Feynman diagrams in physics. Since 
6i(F) ^ 0, the rational functions of I appearing in (I97II are continuous at £ = 1, 
and lie in A°. This will be important in 3131 

Theorem 6.9. Equation (EOll is equivalent to 


b[i,K] * b[jx] 


1 


eq. 


classes [K, /j,] 




I Aut(Ar, p,) 


E - 1 ) 

directed graphs F: vertices 7 11 J, 

edges •—*9,iGl,jGJ, no multiples, 
conn, components U C,~^ {k), k G K 


bi(r) JJ- 

edges 

i 3 

• —• 

in r 


E 

rf. I^K, C : J^K: 
Uik) = Kiv~^{k)) + A(C“^ 
£-x(A0'),K(i)) _ li 


i - 1 


W) 

(97) 


Proof. First we rewrite TO as far as possible as a product over k G K. To 
do this, for L, '(/),0 as in TO write rj = 6 o (j> and ( = 9 o ip, and for all 
k G K set Lk = 9~^{{k}) and cpk '■ r]~^{{k}) Lk, ipk ■ C“^({^}) ^ Lk to 
be the restrictions of 4’,'ip to ri~^{{k}), {{k}). Then L = \JkeK ^k- The 

number of surjective maps 9 : L ^ K such that |£*~^({fc})| = |Tfc| ior k G K is 
[Lll/rifegif |Afc|!. Thus, replacing the choice of L,9 in ll^ by the choice of sets 
Lk for k G K, we replace the factor 1/|A|! in (FKlll by l/Ofeeic |Tfe|!. Writing 
other terms in as products over k G K, we deduce: 


3[/.f 


■k b 


[J.A] 


E - 

classes [K, p] 


'lK,u] 


I Ant (AT, p)\ 


7] : I- 

U(k) = k{v 


K, C : J^K- 

-fk)) + xic-fk)) 


n 

feeif 


(£ _ l'ji-\v-\k)\-\rfk}\ 


iso. classes 
of finite 
sets Lk 


\Lk 


..-1 £ 


:r} ^(fc)—>Lfc, 
U 'ipk surjective 


n 


^-x(A0).K(i)) 


iev ^(k),jec ^(k): 

<f>k(i)=‘^kb') 


(98) 


Next we prove the bottom lines of TO and are equal. We can rewrite 
the bottom line of TO as a product over k G K ot sums of weighted, connected 
digraphs F^ with vertices 77“^({fc})n^“^({fc}), so it is enough to show the terms 
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in each product over k G K are equal. This is equivalent to proving the case 
I if I = 1, so that K = {k}. Dropping subscripts fc, we have to prove that 


(i-1) 




E 




iso. classes of 
finite sets L 


\L\ 


E 


n 




(p U. 'ip surjective 


iGl, jGJ: 
4>{i)='<PU) 


connected directed graphs T : 

vertices / U J, edges • —* 
i G I, j G J, no multiples 


n 

edges 


£ - 1 


in r 


1 


(99) 


Rewrite the top line of as a sum over T as follows. Replace £ 
by _|_ 2 and multiply out the product in i,j to get a sum of 

products of _ i or 1. Associate a digraph T to each of these by 

putting in an edge • ^ • for a factor g^jgg fg,, factor 

1. Then edges only join i,j with (j){i) = ipij)^ so each connected component of 
T lies in (()“^({^}) 11 for some I G L. Thus, reversing the sums over T 

and L, (j), -ip, the top line of becomes 

{£ - l)i-lb-DI 

directed graphs F: ^ j 

vertices I U J, edges • ^ • 
i G I, j G J, no multiples 

1^1 

iso. classes of <p: IL, 'ip : J—* L: 

finite sets L components of T lie i 

We shall show the bottom line [• ■ • ] of is 1 if r is connected, and 0 
otherwise. If T is connected then JIIJ must lie in some (j)~^{{l}) ni/i“^({^}), so 
as (() n f/i is surjective the only possibility is L = {Z} and \L\ = 1, and the sum 
reduces to 1. If T is not connected, fix one connected component Iq II Jq of T, 
Iq C /, Jq C j. If a triple (L, (p, ip) appears in the bottom line of llOOII then for 
some I G L we have (p\ig = I, ip\jg = 1. Divide such (L, cp, ip) into two cases: (a) 
(p~^{{l}) = Iq and ip~^{{l}) = Jq, and (b) otherwise. 

If (L, (p, Ip) satisfy (b) then define {L', cp', ip') satisfying (a) by L' = Ln{Z'} for 
some I' ^ L, and (p'{i) = I' for i G Iq and (p'{i) = (p{i) for i ^ Iq, and ip'{j) = I' 
for j G Jo and ip'{j) = ip{j) for j ^ Jq. Conversely, if {L',(p',ip') satisfy (a) 
with cp'\ig = ip'\jo = I', then define {L, (p, ip) satisfying (b) by L = L' \ {?'}, and 
choosing some I G L define (p{i) = I toi i G Iq and (p{i) = (p'{i) for i ^ Jq, and 
ip{j) = I for j G Jo and ip{j) = ip'{j) for j ^ Jq. 

This establishes a 1-1 correspondence between {L,(p,ip) satisfying (b), and 
quadruples L', cp', ip', I with special element I' G L', such that {L', cp', ip') satisfies 
(a) with (p'\jg = ip'\jo = I' G L', and I G L' \ {Z'}. We also have \L'\ = \L\ + 1. 
Thus, the terms in the bottom line of itTUnil corresponding to (L, (p, ip) and 
{L',(p',ip') differ by a factor —\L\/\L'\. 

Now the equation (p'\i^j = ip'\j^j = I' G L constrains the choice of (p', ip', fixing 
I' out of \L'\ choices of points in L', and this accounts for the factor 1/|T'|. And 



n 




- 1 ). 


edges 


in r 


E 


( 100 ) 


(pJl 'Ip surjective, conn, 
n u I e L _ 
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given L', (p', ip' there are \L\ possible choices for I G L'\ {Z'}, which accounts for 
the factor \L\. Because of these, for disconnected F the contributions of L,p, ip 
of types (a) and (b) in the bottom line of (IIOOII cancel, giving zero. 

Thus IIOOII reduces to the bottom line of (O, except for the powers of £ — 1, 
which are 6i(r) — n in the bottom line of lOOII . where n is the number of edges 
in r, and 1 — |/| — | J| in (IIOOII . But r is connected with |/| + | J| vertices and n 
edges, so 6i(r) — n = 1 — |/| — | J|. This proves ll?^ . and hence inn- □ 


6.5 Algebras B{A, A°, x), C{A, x) morphisms to them 

We define algebras B{A, A°, y), C(A, tl, x) and a morphism 11 between them. 

Definition 6.10. Let Assumptions 12. 1 II and hold, y : K{A) x K{A) —>■ Z 

or Q be biadditive, and use the notation of Definition lO.OI Define B{A, A°, y) to 
be the subspace of J2[i k] ia B{A, A, x) with all P[i^k] G A°. Since the 

bottom line of Ell lies in A° we see that B{A, A°, x) is closed under *, and so is 
a A°-suhalgebra of i?(A, A, y), with A°-basis the &[/,«]. Define A°, y) = 

A, x) (~l B(A, A°,x). Then A°,x) is a A°-Lie subalgebra of 

B{A, A°,x), since A, x) is a A-Lie subalgebra in B{A, A, y). 

As in Definition lO.OI introduce symbols cj/for all equivalence classes [J, k], 
and let C{A, D, y) be the D-module with basis the That is, C{A, D, y) is 

the set of sums Z^dasses [/.k] 7[/.k]C[/,k] with X[i,k.\ S D nonzero for only finitely 
many [/, k]. Define a multiplication * on C(A, D, y) by 


C[/,k] * C[J,X] 


eq. classes [K, /x] 


1 


I Ant (AT,/r) I 


7] : C ■ J^K: 


/x(fc) = ^(fc)) + A(C (k)) 


E 


n (-x(A(j),K(f))) 


( 101 ) 


simply-connected directed graphs F: edges 

i j i j 

I- vertices I Jl J, edges 9^ • 

conn, components II k G K ^ 


extended D-bilinearly in the usual way. This is still well-defined if y takes values 
in Q rather than Z, and in a we allow y = ^y to take values in ^Z. 

Define a Q-linear map 11 : B{A, A°, y) —> C{A, D, y) by 


^ * Zeq. classes [/, ^ Zeq. classes [/, k] ,s:] )o[/,k.] ; (1^^) 

for TT : A° ^ D as in Assumption l2 .1 II Then !!(&[/ ,;]) = cj/,j], and FI is surjective 
as TT is. Comparing (EU and (tniTll shows that 

n(Z)[/,a]) * n(&[jy]) = C[/_„] * C[jy] = * 6[J,A]) ■ (103) 

Here we effectively take the limit £ ^ 1 in the bottom line [• • • ] of EH) to get 
the bottom line [• • •] of (110111 . since 7r(£) = 1 in fl. The factor (£ — l)'’Ar) 
E3 shows that only F with 6i(F) = 0 contribute in the limit, that is, only 
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simply-connected F. We drop the condition ‘no multiples’ from as this is 
implied by F simply-connected. 

Using llOdll . the associativity of * in B{A,A°,x)^ and tt an algebra mor¬ 
phism, we see that * in C{A,ft,x) is associative, so C{A,ft,x) is an fl-algebra, 
with identity C [0 , and If in 110211 is a Q-algebra morphism. Define il, x) 

to be the subspace of k] 7 [^.k]C[/,k] in C{A, ft, x) with X[i,k.] = 0 unless |/| = 
1. From nuTii we see n,x) is an fl-Lie subalgebra of C{A,ft,x). Also, 

n restricts to a Q-Lie algebra morphism If : A°, %) —> C“‘^(A, D, %). 

Now let / G SFai(tl&i.A, If', A°). As in Definition 16.61 equation holds, 
but this time for /9 [/,k] £ A°. Define : SFai(£lbjyt, T, A'’) ^ B(A,A°,x) by 
^''°(/) = S[/,fc] Pli.i^]bli,K], as in jnSIl- In the same way, if / G SFai(Dbj^, 0 , ft) 
then (PITll holds for /3 [/,k] £ Define dt” : SFai(£lbjyi, 0 , D) —> C{A,ft,x) 
by ^^{f) = E[/,k] These restrict to : SF^'J'^pbj^, T, A°) ^ 

B'^'^^{A,A°,x) and : SF^‘[‘i(Dbj^, 0 , fl) ^ C“‘^(A, fl, x)- 
Here is the analogue of Theorem 10.71 

Theorem 6 . 11 . Let A ssu,m,ntinn.s \‘A. 1 T\ and \3.,^ hold and x ■ K{A) xK{A) Z 
be biadditive and satisfy 178II . Then : SFai(Dbj^, T, A°) ^ B{A, A°,x) 
and : SFai(Dbj^, 0 , D) ^ C{A,ft,x) are A°,ft-algebra morphisms, and 
^A° . SF“d(Dbj^,T,A°) ^ H“d(A,A°,x) and : SF“‘i(Dbj^, 0, H) ^ 
C^^^{A,ft,x) are A°,ft-Lie algebra morphisms. 

Proof. '1'''° is the restriction of to SFai(b3bj^, T, A'’) C SFai(l3bj^, T, A), so 
5'''° is a (Lie) algebra morphism by Theorem 10.71 For note that 

:SFai(Dbj^,T,A°)^C(A,F!,x). (104) 

Let f,g G SFai(Llbj^, 0, H). Since is surjective we can lift them to 

r,g' G SFai(Db)^,T, A°) with f,g = ng£(/',g')- Then 

M.-(f * g) = * fig’,^^(50) = 'P" o ng’,^^(/' * g') 

= n o VI/A“ (/' * g') = (n o VI;A° (/')) * (n o vI;A° ( 5 ')) 

using (irnni and that H, 4''^° and Hg’,^^ are algebra morphisms. Also 4>‘^(5[o]) = 

C[ 0 j], so is a (Lie) algebra morphism. □ 

The analogue of Remark IfTHl holds. In particular, 41'^° o ffg’,"]^^, 4'“ o 
are algebra morphisms from SFai(Dbj^) —> B{A,A°,x),C{A,Cl,x). Define 
c“ G C“‘^(A, H,x) for a G C{A) by c“ = C[{i}_„'], where a'(l) = a. Then 
C'™‘^(A, ft, x) is the H-module with basis c“ for a G C{A), and llOlll yields 

[c“,c^] = (x(a,/3) - x(/3,a))c“+^. (105) 

It will be important in MM that this depends only on the antisymmetrization 
of X- The argument of Remark m c) shows that B{A,A°,x) and C{A,ft,x) 
are the A°- and H-enveloping algebras of i?™‘^(A, A°, x) and C''"‘^(A, 11, x). 
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6.6 Calabi-Yau 3-folds and Lie algebra morphisms 

Let P be a smooth projective K-scheme of dimension m, and A = coh(P) 
and be as in [12, Ex. 9.1]. Then as in iiti.ll there is a bilinear map 

X : K (^) X K (^) —> Z called the Euler form satisfying 

x([^],[E]) = S™o(-l)*dimKExP(X,F) for all X,Y & A. (106) 

We denote it x to distinguish it from x in By Serre duality we have 

natural isomorphisms 

Ext^X, Y)* ^ Ext'^-XL, ^ «) Kp) for all X, E £ yf and i = 0,..., m, (107) 

where Kp is the canonical line bundle of P. We call P a Calabi-Yau m-fold if 
Kp is trivial, so that (110711 reduces to Ext*(X,E)* = Ext™“*(E,X). 

In particular, if P is a Calabi-Yau 3-fold then (irUHll and (irm imply that 

(dimiK Hom(X, E) - dims Ext^ (X,E))- 

(dimjc Hom(E, X) — dimjc Ext^(E, X)) =x([X],[E]) for all X, E £ A, 

where x is antisymmetric. This is similar to equation (CHI), which we used to 
construct the algebra morphisms ^ in In fact, (TtHIi 

implies (110811 with x(a, /?) = x(o, Z?) “ x(/3) o), so (I108II is a weakening of CHI), 
which holds when A = coh(P) for P a smooth projective curve and when 
A = mod-KQ, as in El and also when A = coh(P) for P a Calabi-Yau 3-fold. 

We shall show that (110811 implies '!'“ : SFl([‘^(Dfaj^, 0, fl) —> C‘"‘^(.4,r2, ^x) 
is a Lie algebra morphism, generalizing Theorem 16.111 First we explain why 
this only works for the restriction of to SF13‘^(Dbj^, 0, fl). That is, (II0811 is 
too weak an assumption to make an algebra morphism on SFai(0bj.A, 0, f^), 
nor to make 'I'"' or '1'"'° into (Lie) algebra morphisms. 

Consider whether (I108II could imply : ^(Dbj^,T, A) ^ A{A,A, iy) is 
an algebra morphism. Let x ■ K{A) x K{A) ^ Z be bilinear with x{a,/3) = 
x(q;,/ 3) — x(/3, a); note that for fixed x there will be many such x, differing by 
symmetric bilinear forms. As a A-module A{A,A,x) depends only on .4, A, so 
that A(^, A, x) = A(.A, A, ^x); and d)'' also depends only on A. It is only 
the multiplication x in A(A, A, x) which depends on the choice of x- 

Now (d for X implies (trUHl for X, as above. If Ci holds then : 

SF(Dbj^,T, A) ^ A{A,A,x) is an algebra morphism by Theorem 16.41 There¬ 
fore : ^(Dbj^,T,A) ^ A(^, A, lx) cannot be an algebra morphism in 
general, since the multiplications ra on A{A, A, x) = A{A, A, |x) associated 
to X and |x are different. The many choices of x giving the same x mean there 
is no one choice of x for which is an algebra morphism whenever (ITITHll holds. 

Similarly 4'''°, 4'*^ cannot be algebra morphisms on SFai(0b)x, *, *), 
nor 4'^, 4'''° Lie algebra morphisms on SFl)['^(Dbj^, *, *), as in each case * 
or [, ] in the image varies nontrivially with x giving the same x- But 4'*^ : 
SF])}'^(Dbj^, 0, n) ^ C''"‘^(.4, n, |x) is different, since by (110511 the Lie bracket 
[, ] on C''"‘^(^, II, x) depends only on x{a, (3) = x(a, /?) — x(/3j ci); as we want. 
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Theorem 6.12. Let Assumr)tions \2. 1 II and \3.^ hold and x ■ K{A) xK{A) Z 
be biadditive and satisfy (110811 . Then 0,12) ^ 12, ^x) 

in Definition Afi.Kn is an Tt-Lie algebra morphism. 

Proof. We must show ^^i[f,g]) = [4'‘^(/), for /,g G SFi3d(Dbj^, 0,12). 

It is enough to prove this for f,g supported on Dbj)^(K),Db)^(]K) respectively 
for a,/3 G C{A). Lift f,g to f,g' G x, A°) with U'^f^Jf^g') = 

/, g, which is possible as is surjective. 

Choose constructible T C Dbj)^(K) x Dbj^(K) with f ^ g and /' (8> g' sup¬ 
ported on T. Generalizing ProDOsition l5.l41 we can hnd a finite decomposition 
T = 1-isomorphisms 0m — [Fm/Gm], and hnite-dimensional 

Gm-representations E^, E^ for m G M, satisfying analogues of Propo¬ 

sition [^2Ja)-(d), where in (a) we have isomorphisms: 


Ext\Y,X)^El^, 

Ext\X,Y)^El,. 


(109) 


Rom{Y,X)^El, 

Rom{X,Y) ^ E°^, 

The proof of equations iHTTli - ilHHll in Theorem 15.181 now shows we may write 

/' ® 5 ' = EmGM. neiV„ Cmn[(Wmn X [SpeC K/(K"" )2], r^n) ] , (HO) 

[f,g']= Y. Cm„{[(lFm„x[F;^/(K^)2K£;^],rT({l,2})o^mn)] (HI) 
mGM, nGiV„ _ ^ [E^ f X E°J,a{{l, 2})o|mn)] }, 

for Nm finite, Cmn & A°, and Wmn quasiprojective K-varieties. 

Since f',g', [f',g'] lie in SF!(J'^(Dbj^, T, A°) and are supported on Obj(^(K), 
Dbj^(K) and Dbj)^’^^(K) respectively, we have 


^ ^AO ^ ^AO ^ f^a+0^ 


( 112 ) 


for some S',e'A' G A°, and as in Remark EKc). Projecting (tnnii 

and (llllll to SF(SpecIK, T, A) as in the proofs of II93I1 and II94I1 then shows that 


= E 


meM, nGNm 


Cmn^{[Wmn])j 


C — ^ ^ 

m^M, 


(113) 


For m € M we can find [AT] G Obj)^(K) and [T] G Dbj^(K) such that (I109II 
holds, and then in (imil we have 

t([f;^])t([f;^])-i - T {[ EU ) Ti [& j )-^ _ 

fldim Ext^ (X,V)—dim Hom(X,V) 

e-1 

^dim Ext^(V,JC)—dim Hom(V,X)—dimExt^ (X,y)+dim Hom(JC,y) ^ 

■ 
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Composing with tt : A° —> and using (ITITa and 7r(t') = 1 then gives 

Applying 11 in to (tna and using (tTM . that is an algebra 

morphism, and = /, ( 5 ') = g, we find that 

vI/"(/) = ,5c“, vE-"( 5 )=ec^ d/"([/, 5 ]) = Cc“+^ (116) 

where 7 r(( 5 ') = 6, 7 r(e') = e, = C and c“, c^, c“+^ are as in (110511 . Applying 
TT to ltTni)~(tmi and using (II1511 then shows that C = S ex{oi, P). Combining 
this with (I105II and (III 6 II now shows that '!'“([/, g]) = ['E'^(/),'I'“(g)], where 
the bracket [, ] in C™'^{A,^,^x) is defined using the form y = iy, so that 
x(a,/3) — x(/3, a) in (110511 is xipi-iP) as x is antisymmetric. □ 

As in the previous cases, : SFl(('^(Db)^) or SFl({‘^(Db)xi 'il'; ^°) ^ 

C'™'^(.A, 12, ^x) are also Lie algebra morphisms. We explain Theorem ifi. 121 using 
the following example. For simplicity, let X,Y S ^ be indecomposable, with 
[X] = a and [F] = /3 in C{A), and form 5[x],5[y] in SFl)}‘^(Dbj^, 0,12). Then 
= c“ and 'I'^(5[y]) = c^. Consider the commutator [5[x],^[y]]. 

We find * j[v]) = (dimExt^(F,X)—dimHom(y, Ar))c“+^+C[{i_ 2 }.K]) 

where /c(l) = a and k( 2) = /3. This is because 5[x] * ^[v] is essentially the char¬ 
acteristic function of all Z in short exact sequences 0 ^ X ^ Z ^ Y ^0. The 
effect of applying is to ‘count’ such sequences in a special way. The nontrivial 
extensions are parametrized by P(Ext^(F, JA)) and contribute dimExt^(F, AT) 
to the ‘number’ of such Z, and the trivial extension ^ X Q Y —> 

F ^ 0 has stabilizer group (Aut(X) x Aut(F)) x Hom(F, X) and contributes 
dimHom(F, X) to the number of ‘virtual indecomposables’ multiplying c“+^, 
and 1 to the number of ‘virtual decomposables’ multiplying C[{i_ 2 },k]- 

Exchanging X,Y and using (110811 gives V]]) = X([^]jy])c“+^- 

By (110511 . this is [c“,c^] in the Lie algebra 12, ^x): so 'L“([<5[x], i5[v]]) = 

[vE-"(5[x]),4'"(V])] , as we want. Thus we see that Theorem 16.121 relies on (EH 
and a very particular way of ‘counting’ stack functions on Db)^, such that the 
‘number’ of extensions of F by AT is dimExt^(F, AT) — dimHom(F, Ai). 
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